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A coordinate  free  analysis  of  the  Euclidean  group  is 
performed  by  employing  the  theory  of  affine  and  orthogonal 


obtained  by  applying  the  theory  of  group  representations. 
Several  results  related  to  the  Clifford  algebra  of  the 
positive  definite  three-dimensional  orthogonal  space  are 
proved.  These  results  are  employed  in  the  deduction  of  a 
generalized  spin  representation  of  the  Euclidean  group.  The 
action  of  the  spin  representation  over  the  points  of  a 


Plays 


dual  unit  in  these  last  two  representations  are  explained. 

The  Euclidean  group  is  analyzed  as  a Lie  group.  A 
representation  of  the  Lie  algebra  of  the  Euclidean  group  is 
obtained  from  the  spin  representation  of  the  Euclidean  group. 
The  Lie  algebra  operations  are  compactly  expressed  in  terms 
of  Clifford  algebras.  The  Euclidean  group  is  characterized  as 
a six-dimensional  semi-Riemannian  manifold  with  a hyperbolic 
metric.  The  structure  of  the  second  derivatives  of  the 
Euclidean  group  at  the  identity  is  analyzed.  The  mathematical 
apparatus  developed  is  applied  to  the  principle  of 
transference.  A thorough  analysis  and  proof  of  the  principle 
of  transference  are  given. 


CHAPTER  X 
INTRODUCTION 

A striking  feature  that  any  new  student  of  kinematics 
and  robotics  has  to  endure,  during  his  or  her  study  of  the 
subject,  is  the  great  variety  of  mathematical  technigues  that 
it  is  necessary  to  master,  or  at  least  be  acguainted  with,  in 
order  to  obtain  a working  knowledge  of  the  recent  advances  in 
kinematics  and  robotics.  These  mathematical  systems  range 
from  very  elementary  ones,  such  as  complex  numbers  (Blaschke 
and  Muller  [1956],  Rooney  [197812],  Sandor  and  Erdman  [1984]), 
standard  vector  algebra  (Brand  [1947],  chace  [1963],  Lipkin 
and  Duffy  [1985])  to  more  sophisticated  structures  such  as 
matrix  algebra  (Suh  and  Radcliffe  [1978],  Bottema  and  Roth 
[1979],  Angeles  [1982]),  guaternions  (Blaschke  [I960]),  dual 
numbers  (Rooney  [1978b],  Duffy  [1980]),  biguaternions  (Yang 
[1963],  Keler  [1970a]),  screw  calculus  (Yuan  et  al.  [1971a], 
Yuan  et  al.  [1971fe],  Hunt  [1978],  Phillips  [1982]),  line 
geometry  (Weiss  [1935],  Woo  and  Freudenstein  [1969]),  and 
Grassmann  algebra  (Pengilley  and  Browne  [1987]).  All  these 
technigues  have  been  employed  in  an  effort  to  disentangle  the 
secrets  of  kinematics. 

Yang  [1963],  in  his  dissertation,  provides  a list  of 
references  dealing  with  early  attempts  to  provide 
mathematical  structures  suitable  for  dealing  with  kinematic 


analysis  and  synthesis.  Some  oC  these  structures  disappeared 
because  they  rendered  an  incomplete  description  of  the 
kinematic  phenomena,  or  proved  to  be  too  cumbersome  to  deal 
with,  others,  like  matrix  analysis  and  biquaternions,  have 
remained  and  become  common  tools  for  kinematicians . However, 
the  newer  attempts  to  provide  better  mathematical  tools  (Ho 
[1966],  Hiller  and  Woemle  [1984],  Fennock  and  Yang  [1984], 
Casey  and  Lam  [1986],  McCarthy  [ 1986b] ) , and  the  rediscovery 
of  old  mathematical  structures  in  a disguised,  or  slightly 
different  form  (Waldron  [1973],  Sugimoto  and  Matsumoto 
[1984],  Nikravesh  [1984],  Wehage  [1984],  Nikravesh  et  al. 
[1985],  Sugimoto  [1986],  Lin  [1987],  Agrawal  [1987])  suggest 
a lack  of  agreement,  or  even  a lack  of  discussion,  about  the 
criteria  that  a mathematical  system  suitable  for  solving 
kinematics  problems  must  satisfy. 

For  a newcomer,  the  problem  is  aggravated  because  some 
of  the  mathematical  structures  have  several  distinct  names, 
for  example,  the  biquaternions  (Clifford  [1882])  are  also 
called  dual  complex  numbers  (Keler  [1970a],  Keler  [1970b], 
Beran  [1977]),  dual  quaternions  (Yang  [1963],  Wittenburg 
[1977],  Wittenburg  [1984]),  and  dual  number  quaternions 
(Agrawal  [1987]).  Furthermore,  the  description  of  the 
mathematical  system  employed  by  a kinematician  is,  sometimes, 
incomplete  or  obscure  due  to  a lack  of  mathematical  training, 
or  an  emphasis  on  the  application  of  the  mathematical  system 
rather  than  on  logical  subtleties. 


1.1  The  Role  of  the  Euclidean  Group 

A common  characteristic  of  most  of  the  mathematical 
structures  discussed  in  the  previous  section  is  that  they 
are  equipped  with  means  to  represent  general  rigid  body 
motions,  or  special  cases  such  as  planar  or  spherical 
motions.  In  fact,  it  is  well  known  that  complex  numbers 
represent  rotations  around  a fixed  axis,  and  hence  the  planar 
displacements  which  are  of  interest  in  planar  kinematics. 
Quaternions  and  matrices  represent  the  rotations  around  a 
fixed  point,  that  are  the  transformations  analyzed  in 
spherical  kinematics.  Finally,  dual  quaternions,  screws,  and 
matrices  represent  general  spatial  movements  of  a rigid  body. 
Moreover,  the  mathematical  structures  mentioned  above  allow 
the  representation  of  the  geometrical  entities — such  as 
points,  lines,  and  planes  which  belong  to  a rigid  body — by 
using  elements  of  the  structure.  Furthermore,  the  structures 
allow  the  determination  of  the  image,  under  a rigid  body 
displacement,  of  these  entities  by  manipulating  their 
corresponding  elements.  In  the  language  of  modem 
mathematics,  the  set  of  points  and  lines  of  rigid  bodies, 
together  with  the  set  of  rigid  body  displacements,  forms  a 
model  of  Euclidean  geometry  (Giering  [1982]). 

From  the  previous  paragraph,  it  follows  that  the  set  of 
rigid  body  displacements  is  of  paramount  importance  in  the 
study  of  kinematics.  Actually,  this  set  forms  a group  under 
the  composition  operation,  and  it  is  called  the  Euclidean 


group.  This  fact  is  latent  even  in  the  writings  of  the 
nineteenth  century  kinematicians  (Study  [1903]),  and  it  was 
known  to  physicists  and  mathematicians  of  the  early  part  of 
this  century  (Weiss  [1935]).  However,  the  group  property 
appears  to  have  been  overlooked  by  the  kinematicians  of  the 
fifties  and  early  sixties.  Blaschke  and  Muller  (1956)  did 
mentioned  the  group  property  for  the  set  of  planar 
displacements.  Later  Blaschke  [1960]  and  Muller  [1962]  did 
mention  the  group  property  of  spherical  displacements  and 
Suh  and  Radcliffe  [1967]  proved  the  group  property  for  the 
set  of  planar  motions,  suh  and  Radcliffe  [1968]  further 
suggested  that  the  results  were  also  true  for  the  spatial 
case.  Bottema  and  Roth  [1979]  provided  a synthetic  proof  of 
the  general  case . ^ 

The  fact  that  the  set  of  rigid  body  displacements  forms 
a group  under  composition  has  far  reaching  implications,  for 
it  permits  the  use  of  the  existing  framework  of  group  theory 
and  group  representations  (Herstein  [1975],  Rose  [1978], 
Fraleigh  [1982],  Naimark  and  Shtern  [1982]).*  2 In  particular, 
it  allows  the  introduction  of  the  important  concept  of 
isomorphism.  Two  mathematical  structures  are  isomorphic  if 
there  is  a bijective  mapping  (one-to-one  and  onto)  that 

^From  now  on,  only  general  spatial  displacements  will  be 
considered . 

2Recently,  the  theory  of  groups  has  been  applied  to 
robotics,  but  in  the  field  of  artificial  intelligence 
(Popplestone  ( 1984 ] ) . 


preserves  all  the  operations  defined  in  the  structure.  If  two 
structures  are  isomorphic,  then,  loosely  speaking,  they  are 
identical;  just  the  names  of  the  elements  and  the  appearance 
of  the  operations  have  changed.  Furthermore,  any  calculations 
performed  in  one  structure  can  be  equally  carried  out  in  the 

Hence,  after  two  structures  have  been  proven  to  be 
isomorphic,  the  criteria  for  selecting  the  most  appropriate 
one  for  purposes  of  representing  physical  phenomena  are 
reduced  to 

1.  The  compactness  of  the  resulting  expressions, 

2.  The  number  of  additions  or  multiplications  of  real 
(or  complex)  numbers  that  the  operations  require,  and 

3 . The  previous  knowledge  of  the  structure . 

The  work  most  closely  related  to  the  objectives 

addressed  here  is  that  of  Rooney  (Rooney  (1977),  Rooney 
[1978a]),  who  discusses  several  possible  representations  of 
rotations  around  a fixed  point,  and  general  spatial 
displacements.  However,  no  use  of  the  key  concept  of 
isomorphism  is  made,  and  the  spin  representation  of  the 
Euclidean  group  is  not  mentioned. 

1.2  The  ggcHdean  group  as  a Lie  Gpoup 

In  the  previous  part  of  this  introduction,  the  Euclidean 
group  has  been  regarded  just  as  an  algebraic  group  whose 
elements  are  transformations  of  the  Euclidean  space.  This 


characterization  suffices  when  the  kinematic  problems  to  be 
solved  are  related  to  the  action,  over  the  points  and  lines 
of  a rigid  body,  of  a finite  number  of  elements  of  the 
Euclidean  group  (For  example,  synthesis  of  mechanisms  with  a 
finite  number  of  precision  points) . The  solutions  of  these 
problems  were  precisely  the  main  objectives  of  most  of  the 
kinematical  research  done  in  the  mid  50s  and  60s  when 
kinematics  was  re-discovered  in  American  universities.  Only 
some  authors  of  the  German  school  (Blaschke  and  Muller 
[1956],  Blaschke  [1960],  Muller  [1962],  Muller  [1970]) 
pursued  the  analysis  of  the  structure  of  the  Euclidean  group 
itself.  In  this  way,  they  adhered  to  the  tradition  of  the 
kinematicians  of  the  late  nineteenth  century  and  of  early 
this  century  (Stephanos  [1883],  Study  [1903],  Weiss  [1935]). 
In  the  late  70s  and  early  this  decade,  Roth  and  his 
coworkers  (Bottema  and  Roth  [1979],  De  Sa  [1979],  Ravani 
[1982],  Ravani  and  Roth  [1984],  McCarthy  [1986a]) 
re-discovered  and  generalized  the  kinematic  mappings.  These 
kinematic  mappings  are  representations  of  the  Euclidean 
group,  although  in  the  initial  writings  of  Roth's  school  the 
group  structure,  a key  property,  was  overlooked. 

provide  a sense  of  "metric"  in  the  Euclidean  group  itself 
and  to  perform  synthesis  of  mechanisms,  where  the  synthesis 
criterion  is  the  "closeness"  of  the  synthesized  motion  of  a 
rigid  body  with  respect  to  some 


specified  motion.  Thus,  the 


number  of  precision  points  is  infinite.  It  turns  out  that  the 
solution  of  this  problem  requires  to  consider  the  Euclidean 
group  as  a Lie  group.  This  fact  was  not  however  recognized  in 
their  studies. 

The  origin  of  the  theory  of  Lie  groups  goes  back  to 
1880,  when  Sophus  Lie,  attempting  to  emulate  Felix  Klein's 
employment  of  group  theoretical  concepts  in  the  study  of 
geometry,  introduced  the  idea  of  continuous  groups  of 
transformations  (Lie  (1975]) , later  known  as  Lie  groups.  The 
theory  of  Lie  groups  proceeded  to  develop  throughout  the 
first  part  of  this  century,  concurrently,  significant 
advances  were  made  in  differential  geometry,  including 
Riemannian  and  non-Riemannian  geometry,  and  differentiable 
manifolds,  primarily  as  a result  of  the  newly  discovered 
theory  of  relativity.  The  interchange  of  ideas  between  these 
two  fields  led  to  their  blossoming  in  the  50s.  Today  the 
references  about  Lie  groups  and  differential  geometry  are 
numerous.  Furthermore,  the  depth  of  the  references  is 
variable,  ranging  from  elementary  introductions  (Spivak 
[1965],  O'Neill  [1966],  Boothby  [1975],  DoCarmo  [1976], 
Sattinger  and  Weaver  [1986]),  to  research  publications 
(Chevalley  [1946],  Hermann  [1966],  Belinfante  and  Kolman 
[1972],  Gilmore  [1974],  Helgason  [1978],  Spivak  [1979], 

Warner  [1983],  O'Neill  [1983]). 

The  theory  of  Lie  groups  and  Lie  algebras  has  been 
applied,  in  an  unconscious  way,  to  kinematics  for  a long 


time.  Indeed,  Karger  and  Novak  [1985]  show  that  the 
of  infinitesimal  screws  is  isomorphic  to  the  Lie  algebra  of 
the  Euclidean  group.  Hence,  Ball's  contributions  (Ball 
[1900]),  and  all  the  research  along  this  line  (Yuan  et  al. 
[1971a],  Yuan  et  al.  [19716],  Vang  [1974],  Hunt  [1978])  can 
be  regarded  as  an  application  of  the  Lie  group  theory  to 
spatial  kinematics. 

The  conscious  application  of  Lie  group  theory  to  spatial 
kinematics  is  more  recent.  This  delay  can  be  explained  by  a 
two-part  argument;  first,  with  the  discovery  of  relativity 
theory,  most  of  the  research  done  by  physicists  and  applied 
mathematicians  was  directed  toward  new  orthogonal  spaces, 
such  as  Lorentz  space  and  Minkowsky  space  and  their 
transformations  group.  Only  recently  there  has  been  an 
interest  in  regarding  the  Euclidean  group  as  the 
transformation  group  of  the  Euclidean  space  (Patera  et  al. 
[1975a],  Patera  et  al.  [19756],  Beckers  et  al.  [1977]).  On 
the  other  hand,  the  contribution  of  kinematicians  was 
hampered,  probably,  by  a lack  of  mathematical  education.  As 
far  as  the  author  is  aware,  the  first  application  of  Lie 
groups  to  kinematics  is  due  to  Herve  [1978).  However, 
attempts  to  provide  a sound  mathematical  foundation  of 
kinematics  (Karger  and  Novak  [1985],  Selig  [1986]),  and  the 
recent  studies  on  the  control  of  manipulators  (Loncaric 
[1985],  Brockett  [1983])  have  sparked  the  interest  in  the 
relationship  between  Lie  groups  and  spatial  kinematics. 
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Calculus 

The  problem  of  searching  for  a suitable  mathematical 
structure  for  the  study  of  kinematics  can  be  placed  in  the 
more  general  framework  of  looking  for  appropriate 
mathematical  structures  for  dealing  with  physical  phenomena 

In  an  exciting  narrative,  Crowe  [1985]  describes  how 
vector  algebra  came  into  being  as  a hybrid  creature  of  the 
two  leading  mathematical  systems  of  the  last  half  of  the 
nineteenth  century,  quaternions  due  to  Hamilton,  and 
extensor  algebra,  also  known  as  Grassmann  algebra  after  its 
developer.  The  use  of  this  new  vector  algebra  drew  heated 
rebuttals  from  the  quaternion  followers.  However,  after  some 
years,  the  vector  algebra  was  so  widely  accepted  that  the 
only  mementos  of  the  quaternions  were  some  notational 
conventions,  and  the  curiosity  of  a mathematical  structure 
that  is  unique  in  many  ways.  On  the  other  hand,  Grassmann  had 
such  an  obscure  life  (Crowe  [1985])  that,  except  for  Germany, 
his  native  country,  he  lacked  followers  that  could  provide 
support  for  his  algebra. 

Recently,  however,  there  has  been  a renewed  interest  in 
the  design  of  mathematical  systems  for  the  description  of 
physical  phenomena.  On  one  side,  there  has  been  an  increasing 
interest  in  Grassmann  work  (Dieudonne  [1979],  Barnabei  et  al. 
[1985],  Stewart  [1986],  Pengilley  and  Browne  [1987]);  on  the 


(Hestenes  [1966], 


(1971), 


Hestenes  and  Sobczyk  [1984],  Hestenes  [1985],  Hestenes 
[1986])  has  claimed  that  Clifford  algebra  provides  more 
comprehensive  tools,  than  vector  calculus,  for  dealing  with 
physical  problems,  including  those  from  classical  mechanics. 

Clifford  algebra  (Crumeyrolle  [1974],  Brooke  [1980], 
Porteous  [1981],  Brackx  et  al.  [1982])  is  in  a sense  a 
misnomer  since  it  really  comprises  a family  of  algebras,  each 
of  these  algebras  is  closely  related  to  the  symmetric 
bilinear  form  of  the  corresponding  orthogonal  space 
(Dieudonne  [1969],  Kaplansky  [1969],  Porteous  [1981], 

Scharlau  [1985]).  The  first  Clifford  algebras  were  formulated 
by  Clifford  [1876],  under  the  name  of  geometric  algebras. 
During  several  decades,  their  study  lay  dormant,  or  was  made 
without  connecting  it  to  Clifford's  original  ideas.  However, 
in  the  50s  (Riesz  [1958]),  the  interest  in  Clifford  algebras 
was  renewed,  and  it  continues  up  to  the  present  (Chisholm  and 
Common  [1985]).  Clifford  algebras  have  been  used  in 
kinematics  research  under  several  disguised  names.  It  can  be 
shown  (Lam  [1973],  Porteous  [1981])  that  dual  numbers, 
complex  numbers,  quaternions,  dual  quaternions,  and  Grassmann 
algebras  are  all  special  cases  of  Clifford  algebras. 

It  is  still  too  early  to  decide  if  these  structures  will 
replace  vector  calculus  as  the  most  used  mathematical  physics 
tool,  but  it  is  evident  that  they  warrant  a close 
examination. 


1.4  Objectives  and  Organization  of  the  Work 

An  outline  of  the  objectives  and  organization  of  the 

Chapter  2 deals  with  the  analysis  of  the  Euclidean  space 
and  the  Euclidean  group.  Although  the  results  obtained  are 
not  new,  the  methods  employed — the  theory  of  affine  and 
orthogonal  spaces  as  developed  in  Porteous  [1981] — yield  a 
coordinate  free  analysis  that,  as  far  as  the  author  is  aware, 
is  new.  After  proving  several  classical  results,  the  chapter 
ends  with  the  characterization  of  the  Euclidean  group  as  the 
semi-direct  product  of  the  normal  subgroup  of  the 
translations  times  the  subgroup  of  the  rotations  around  an 
arbitrarily  fixed  point. 

Following  the  suggestions  of  section  1.1,  chapter  3 uses 
the  group  theoretical  tools  of  isomorphism  and  group 
representation  to  provide  a unified  treatment  of  the 
mathematical  structures  mostly  employed  in  spatial 
kinematics.  In  fact,  it  is  shown  that  the  representation  of 
the  Euclidean  groups  by  means  of  affine  orthogonal  mappings 
of  a three-dimensional  vector  space,  homogeneous  4x4 
matrices,  spin  groups,  and  biquaternion  groups,  all  produce 
isomorphic  algebras,  and  therefore;  alternative  models  of 
Euclidean  geometry.  The  development  of  the  spin 
representation,  as  shown  in  sections  3.4  and  3.5,  together 
with  the  connection  between  the  spin  and  biquaternion 
representations , in  section  3.7,  is  thought  to  be  original . 


that  the  Lie  algebra  of  the  Euclidean  group  and  the  algebra 
of  infinitesimal  screws  (Dimentberg  [1965],  Hunt  [1978], 
Duffy  [1985])  are  isomorphic. 

Section  4 . 3 analyzes  the  last  of  the  representation  of 
the  Euclidean  group  namely,  the  adjoint  representation.  This 
representation  maps  elements  of  the  Euclidean  group  into 
automorphisms  of  its  Lie  algebra.  Since  the  elements  of  the 
Lie  algebra  can  be  interpreted  as  the  infinitesimal  elements 
of  the  group,  it  is  clear  that  the  derivation  of  this 
representation  requires  the  topological  properties  of  a Lie 
group,  which  are  totally  disregarded  in  Chapter  3. 

Section  4.4  establishes  the  semi-Riemannian  manifold 
structure  of  the  Euclidean  group.  The  development  makes  use 
of  bi-invariant  metrics  defined  on  the  Lie  algebra  of  the 
Euclidean  group.  This  subject  has  already  been  studied  by 
Loncaric  [1985]  and  Lipkin  [1985],  in  the  latter  case  by 
resorting  to  the  algebra  of  infinitesimal  screws.  During  the 
process,  it  is  necessary  to  employ  the  concept  of  invariance 
under  the  adjoint  mapping.  This  concept  is  explained  in 
Appendix  B.  The  characterization  of  the  Euclidean  group  as  a 
semi-Riemannian  manifold  with  a hyperbolic  metric  is  thought 

The  space  of  second  derivatives  of  the  Euclidean  group 
at  the  identity  is  studied  in  section  4.5.  This  space  is, 
similar  to  the  Lie  algebra  of  the  Euclidean  group,  a 


six-dimensional  orthogonal  space  with  a non-degenerate 
hyperbolic  metric. 

In  chapter  5,  the  theory  developed  in  the  previous  part 
of  this  study  is  applied  to  spatial  kinematics.  There,  an 
analysis  and  proof  of  the  principle  of  transference  (Rooney 
(1975]  and  Selig  [1986])  are  carried  out.  The  principle  has  a 
history  of  failed  attempts  and  controversial  results.  In  that 
chapter,  a complete  proof  of  the  principle  of  transference  is 
given;  and  the  relation  between  the  principle  of  transference 
and  the  Hartenberg  and  Denavit  notation  (Denavit  and 
Hartenberg  [1955]),  which  was  previously  overlooked,  is 
explicitly  indicated. 

Finally,  the  more  relevant  conclusions  of  this  study, 
together  with  suggestions  for  further  studies,  are  presented. 


CHAPTER  2 

EUCLIDEAN  SPACE  AND  EUCLIDEAN  TRANSFORMATIONS 
In  this  chapter  a coordinate  free  analysis  of  the 
Euclidean  group  is  undertaken.  In  section  2.1,  the  physical 
space  is  modelled  as  a three  dimensional  Euclidean  space. 
Sections  2 . 2 and  2 . 3 explain  how  to  induce  a free  vector  and 
a bound  vector  space  structure  into  the  Euclidean  space;  the 
fundamentals  of  such  constructions  are  the  theory  of  affine 
spaces  and  orthogonal  spaces  as  developed  in  Porteous  [1981] 
and  Kaplansky  [1969].  Section  2.4  defines  Euclidean  mappings 
as  bijective  mappings,  of  the  set  of  points,  which  preserve 
both  the  affine  and  orthogonal  structure  of  a Euclidean 
space.  The  lack  of  structure  in  the  physical  space  prevents  a 
direct  probe  into  the  properties  of  Euclidean  mappings,  and 
the  remainder  of  the  section  is  directed  toward  the  analysis 
of  the  orthogonal  mappings  induced,  by  the  Euclidean 
mappings,  onto  the  free  vector  space  structure  introduced  in 
section  2.2.  Using  the  results  of  section  2.4,  the  properties 
of  Euclidean  mappings  are  investigated  in  section  2.5,  and 
their  structure  as  an  algebraic  group  is  proved.  Sections  2.6 
and  2.7  are  dedicated  to  the  analysis  of  two  important 
classes  of  subgroups  of  the  Euclidean  group,  namely 
translations,  and  rotations  leaving  an  arbitrary  point  of  the 
Euclidean  space  fixed.  The  decomposition  of  Euclidean 


mappings,  in  terms  of  a translation  and  a rotation  around  a 
fixed  point,  is  analyzed  in  section  2.8  together  with  some 
invariant  characteristics  of  the  mappings.  Finally  in  section 
2.9,  the  composition  rule  for  Euclidean  mappings  is 
re-examined  and  expressed  in  terms  of  the  components,  and  the 
structure  of  the  Euclidean  group,  as  the  semi-direct  product 
of  the  normal  subgroup  of  the  translations  by  the  subgroup  of 
the  rotations  that  leave  an  arbitrary  point  fixed,  is 
disclosed. 


2.1  Physical  Space  as  a Euclidean  Space 

For  purposes  of  study  of  classical  mechanics,  physical 
space  can  be  modelled  by  a three-dimensional  Euclidean  space 
(Porteous  [1981]);  equivalently,  the  space  can  be  regarded 
as  a set  of  points  E coupled  with  a mapping  6 from  the 
cartesian  product  ExE  into  IR3,  a three-dimensional  vector 
space  endowed  with  a positive  definite  quadratic  form, 
defined  by 

6 : EXE  - R3  6 (M,N)  = M • N (1) 

with  the  additional  properties 

1.  For  every  NeE,  the  restriction  mapping 

«N  : E - R3  <(M,N)  = M " N (2) 

is  a bijection  and 

2.  For  all  L,M,NeE,  the  triangle  axiom  holds 


(L  • M)  + (M  ■ H) 


This  property  can  be  expressed  in  terns  of  the  mapping  4 
by 

4 (L,M)  + 4 (M,  N)  = 4 (L,  N)  (4) 

The  elements  of  R3  are  called  vectors;  in  particular  the 
vector  M 8 N is  called  the  difference  vector  of  the  pair  of 
points  (M,N)  in  EXE.  This  notation  is  specially  useful  since 
it  emphasizes  that  the  elements  of  R3  are  dependent  upon  the 

In  fact,  the  existence  of  a mapping  4 : ExE  - R3 
fulfilling  the  above  axioms  ensures  the  existence  of  a 
family  of  similar  mappings 

6^  : EXE  - R3  4M( M,N)  = p4(M,N)  for  each  peR,  p j*  0 

all  of  which  also  satisfy  the  axioms.  The  specific  value  of  p 
depends  on  the  arbitrary  election  of  a unit  of  length  which 
cannot  intrinsically  be  preselected. 

It  is  important  to  recognize  that  the  set  E is  at  the 
outset  completely  void  of  algebraic  structure;  hence,  there 
is  no  meaningful  way  for  adding,  subtracting  or  multiplying 
the  points  of  E.  However  the  rich  algebraic  structure 
already  existing  in  the  quadratic  vector  space  R3  can  be 
employed  to  induce  some  algebraic  structures  in  E. 

2.2  Free  Vector  Algebraic  structure  in  ExE 
The  first  of  the  algebraic  structures,  induced  by  R3 
into  ExE,  to  be  studied  is  that  of  the  free  vectors.  Before 


proceeding,  it  is  necessary  to  note  that  ExE  supports  an 
equivalence  relationship 

(M,N)  a (P,Q)  » 4 (M,N)  = 4(P,Q)  (1) 

This  relationship  has  the  following  properties: 

1.  It  is  reflexive.  Trivially 

4 (M,  N)  = 4 (M,K)  thus  (H,N)  a (H,N) 

2.  It  is  symmetric.  Let  (M,N)  a (P,Q) » then 

4(M,N)  = 4( P,Q)  and  thus  4(P,Q)  - 4(M,N).  Therefore 
(P,Q)  « (M,N). 

3.  It  is  transitive.  Let  (M,N)  » (P,Q)  and 
(P,Q)  a (R,S) ; then  «(M,N)  - d(P,Q)  and 

fi(P,Q)  - 6(R,S).  Thus  5(M,N)  = 6(R,S)  and  therefore 
(M,N)  a (R,S). 

Further  since  4 : ExE  - R3  is  surjective,  it  is 
possible  to  associate  with  every  element  v of  R3  an 
equivalence  class 

v = ( (M,N)  eExE  I 4 (M,N)  = V)  (2) 

In  the  field  of  classical  mechanics  v is  usually  referred  as 
a free  vector.  The  set  of  all  free  vectors  will  be  denoted 


by 


(3) 


The  equivalence  relationship 


induced  a partition 


It  will  now  be  demonstrated  that  R3  has  the  structure 
of  a real  orthogonal  vector  space  (Porteous  (1981));  hence, 
it  can  be  considered  as  a real  orthogonal  space  of  free 

The  first  step  in  this  demonstration  is  to  recognize 
that  there  exists  an  induced  mapping 

£ : R3  - R3  £(y)  - v (4) 

which  is  well  defined  and  bijective. 

1.  1 is  well  defined.  Let  (M,N) , (P,Q) ev;  therefore 
6 (M,N)  = v = 6 (P»Q)  and  £(M,N)  = v = £(P,Q) . 

2.  £ is  injective.  Let  v,HeR3  such  that 

£(v)  = v = w = £(w) . It  follows,  from  the  partition 
properties  (Fraleigh  [1982)),  that  v C w and  w c y, 
and  therefore  v « w. 

3.  £ is  surjective.  Since  £ : ExE  -*  R3  is  surjective, 

V veR3  there  is  a (M, N) £ExE  such  that  S (M,N)  = v. 
Further,  let  veR3  such  that  (M,N)«y,then  £(y)  = v 
and  £ is  surjective. 

This  bijective  mapping  provides  a way  for  translating 
the  algebraic  structure  of  R3  into  an  algebraic  structure  of 
B3. 

The  set  R3  together  with  the  operations  of  addition  and 
scalar  multiplication  defined  by 

y + H = (v  + w)  V y,y£R3  (5a) 


M2)  - <*x) 


XeR  and  V vcR3 


(5b) 


a real  vector  space  isomorphic  to  R3 

1.  R3  is  closed  under  addition. 

V 2.2*E3  3 v,weR3  such  that,  for  M,N,P,QeE, 

(M,N)«s  • «(M,N)  = v,  and  (P,Q)«H  * «(P,Q)  = w. 
Since  R3  is  a vector  space  (v  + w) eR3  , and  since 
i : R3  - R3  is  surjective,  there  is  a (v_±_a)eR3. 

2.  Addition  is  associative. 

V v,w,j£eR3 

(2  + a)  + X = (V  * «)  + X = r fv  + w)  + xl 
= [V  + (V  + X)]  = 2 + («  + x) 

= 2 + (B  + X) 

3.  Addition  is  commutative. 

V v.veR3 

2 + a = fv  + w)  = (w  + v)  = w + 2 

4.  Existence  of  an  additive  identity. 

V 2«E  3 fi«R3  such  that 

2 + 2 = fv  + 0)  = 2 

It  is  interesting  to  note  that  the  equivalence 
class  of  ExE,  corresponding  to  2,  is  given  by 
2 “ { (M,N) eExE  | M = N) 

This  can  be  demonstrated  by  firstly  considering 
(M,M) EExE  where  M is  arbitrary.  From  the  triangle 

6 (M,M)  + S (M,H)  = 6 (H,M) 

Therefore  S (M,M)  = 0 and  (M,M)e2-  Secondly  consider 


(M,N)6ExE  with  M f N.  Therefore  (M,N)^o,  for  if 
(M,N)6fi,  then  both 

«n(M)  = 4(  M,N)  = 0 and  4N(N)  = 4(N,N) 
a contradiction  to  the  injectivity  of  4N. 
Existence  of  an  additive  inverse. 

VveR3  3(zy)eR3  such  that 

v + (=v)  - rv  + f-v> 1 = fi 
It  will  now  be  demonstrated  that  if 
V = { (M,N)  cExE  I 4 (M,N)  - V), 

then 

(=Y)  = ((N,M)eExE  | (M,N)  6V) 

Employing  the  triangle  axiom 

4( M,M)  + 4 (N,M)  = 4 (M, M) 

Since  (M,M) £0  and  assuming  (M,N) «y,  then 
4(N,M)  = -4 (M,N)  = -v 

R3  is  closed  under  scalar  multiplication. 

VycR3  3vcR3  such  that  for  M,N£E,  (M,N)ev  o 
4(M,N)  = v;  further,  since  R3  is  a vector  space, 
V XeR  XveR3.  Moreover,  since  4 : R3  •*  R3  is 
surjective,  3 a (Xy)eE3  such  that  for  P,QeE, 
(P,Q)e(&5£)  • 4(P,Q)  = Xv. 

Scalar  multiplication  satisfies  V X,|i£R  and  veR3 
X(pv)  = X(av)  = fX  (Itv)  1 = f(Xu)vl  = (X/x)v 


8.  Scalar  multiplication  and  addition  satisfy  V 

(X  + (Os  = r (x  + uivi  = (Xv  + uv>  = (Xa)  + (ay) 
and 

X(2  + H)  = rX(v  + w)  1 = (Xv  ♦ Xw)  = (^2)  + (&j£) 

Furthermore,  the  mapping  i.  : R3  - R3  is  also  linear 
since  VX,(jeR  and  Vv, w«R3 

«(Xv  + (ia)  = 6 (Xv  * uw)  = Xv  + (iw  = X£(2)  + di(«) 

Thus  £ is  a linear  isomorphism;  then  R3  and  R3  are  isomorphic 

Finally,  it  is  also  possible  to  introduce  an  orthogonal 
structure  on  R3  by  defining  the  symmetric  bilinear  form 

R3xR3  - R (v,w)  = (v,w)  Vy.weR3  (6) 

It  is  straightforward  to  show  the  form  is  well  defined  and 
indeed  symmetric.  Further,  the  mapping  6 : R3  - R3  preserves 
the  form,  for  trivially 

(£<2),i(H))  = (v,w)  (7) 

and  therefore  R3  and  R3  are  isomorphic  as  real  orthogonal 
vector  spaces. 

It  is  important  to  recognize  that  in  the  process  of 
providing  R3  with  an  orthogonal  vector  space  structure  it  is 
unnecessary  to  make  any  arbitrary  choice  of  origin.  The  next 
section  introduces  a structure  that,  unlike  the  structure 
considered  here,  is  origin  dependent. 


H + M - ((H )°y  + (n)°j)t_°j  = 

( (n)°j+  (H)°y)t_°y  = n + h 

•aATjBjnomoo  si  uoxjxppv  • Z 
•39((H)°J  + (H)°y)T_°?  StUR  PUB  C»5(N)°?  + (M)°S 
-BOEds  JOJOBA  B ST  ca  BOUTS  -Ea9(M)0f ' (H)°?  33N'W  A 

•UOT3TPP®  uapun  pasojo  st  a 

'BOBdS  JOJOBA 

test  b 30  ajnjouijs  sir  babii  suoxjBjado  asaqj  qjxn  jaqjaboj 
3 jo  s juxod  aqj  jsqj  pajEjjsuomap  eq  «ou  TTTrt  JI 
(E)  A '3»H  A ((H)°9Y)t-°J  = HV 

(Z)  39N'W  A ((N)°J  + (H>°9)t.°9  = N + W 

Aq  a jo  sjuxod  jo  uox  jBOXXdxjxruu  jexeos  puB  uoxjxppE 
jo  suoxjBjado  aqj  auijap  oj  aqqxssod  sj  JT  UExnoxjJBd  ux 

•jojoba  Ojas  aqj  oj  janba  jas  sj  'Oy 
burddsm  aqj  japun  'qoxqn  uxbxjo  to  juxod  aouajejaj  Ajejjxqjp 
UB  ST  390  juxod  aqj  bubh  -3  uj  ajnjonjjs  aoBds  XBUoboqjjo  ue 
AxajEmxqin  pus  aoBds  jojoba  b aonpux  oj  pasn  aq  ubo  jx  snqj 
:aAXjoaCxq  sx  Oy  buxddEm  aqj  'y  buxddBiu  aqj  jo  t Ajjadojd  Aa 
(l)  O « M = (O'H)J  = (W)°9  £a  - 3 : °9 

buxddBiu  aqj  jo  susam  Aq  paonpuj  ajnjonjjs 
oxBjqabxB  puooas  B qjxm  panopua  sx  a aosds  UBapxxona  aqj, 


3x3  ut  OJnjondjS  STedjabTV  Jojoafl  puttog  fj 


•a»[ (w)°jv]x_°j  smo  pub  'Ea3(K)°jv  'a»y  a 

'BOBds  JOJOBA  IBBa  B ST  Ea  BOUTS  ‘ rU3 (W)°J  '3?W  A 

■uoT^BOfTdT^xnn  «xbds  xapun  pssoxo  sx  3 
0 = t (A-)  + A)T_Oy  = [(M-)°J  + (H)°J]X_°J  = (W-)  + H 
aouaq  ' (A-)  T_0y  - W-  3Em 
pons  3?H-  E uaqq  ;£a9A  = (H)°J  ipns  aq  asw  qaq 

'3SX3AUT  BATqxppB  UB  jo  aouaqsTxa 
• AqiquapT  BAxqxppB  aqq  sb  'Bxnqonjiqs 
sxqq  ux  'sqoB  o qujod  aqq  qsqq  unoqs  uaaq  ssq  qi 
W = (<H)°?)X_°9  = ((0)°9  + (H)°J)X_°9  = 0 + H 

39W  A 'axojaqaqi 
0 = (o'o)j  = (0)°9 

•Aqxquapx  BAxaxppB  ub  jo  aouaqsxxa 
(M  + W)  + 1 - 

t(K  + h)°j  + (i)°y]T_°y  = 

{ [ ( (N)°9  + (H)°y)x_0?]°?  + (l)°y)x_Oy  = 

[((N)°y  + (h)°?)  + (i)0j]x_°?  = 

[ (N)°y  + ((H)°9  + <i)°j)]x_°?  - 
((N)Oj  + [<(H)°9  + (D°j)x_°j)°y>x_°y  - 

[(N)°y  + (w  + a)°yjx_°y  = n + (w  + 1) 


•aAXqBTOOSSB  sx  uoxqxPPV 


7.  The  scalar  multiplication  satisfies 

* (MM)  = ) 3 > 

= «0_1[(M)«0(H)]  = (X/lJM. 

8.  The  scalar  multiplication  and  addition  satisfy 
V X,(ieR  and  M,N6E 

(X  + H)M  = 40_1[(X  + /0«o(«)) 

= + M*o(**)] 

= «o-1[Mx“>  + «o  (»*«)]  = xm  + m 

X(M  + N)  = i^CX^M  + N)]  - So-ifXtSotM)  + 40<»>]> 
= *0"l£**0<*>  + Xi0(N)]  - XM  + XN 
where  the  last  equality,  in  each  of  the  two  previous 
sequences  of  equalities,  holds  due  to  the 
bijectivity  of  40. 

Rewriting  equations  2 and  3 in  the  form 

4o(M  + N)  - <0(B)  + 40(K)  V M,NCE  (2a) 

<0(XH)  = X<0(M)  V MCE,  V XeR  (3a) 

it  is  apparent  that  Sq  : E — R3  is  a linear  isomorphism. 
Additionally,  by  providing  E with  an  orthogonal  structure, 
induced  from  R3,  according  to 

ExE  - R3  (M,H)  = (i0(«).«oW)  V M-NeE  «) 

the  linear  isomorphism  S0  becomes  an  orthogonal  isomorphism, 
for  it  trivially  preserves  the  form. 


A prominent  consideration  is  that  some  of  the  results 
obtained  within  the  realm  of  this  algebraic  structure  are 
only  valid  for  the  specific  selection  of  the  origin  0;  hence, 
they  are  not  Euclidean  geometry  properties. 

2.4  Euclidean  Mappings 

In  this  section  an  analysis  of  mappings  of  the  Euclidean 
space  which  preserve  the  orthogonal  structure  of  Ei * 3  is 
presented.  Such  mappings  £ must  preserve  the 

quadratic  form  of  the  associated  orthogonal  space, E3,  given 
by 

(6  (M,N)  , S (M,N)  ) - («(+M,+N)  ,«(*M,«0)  V M,NeE  (1) 

It  can  be  shown  (Porteous  [1981])  this  condition  is 
equivalent  to  the  preservation  of  the  related  symmetric 
bilinear  form  or  inner  product 

(S(M,H) ,S(P,Q))  = («(+ M,+N),«(+P,+Q)>  V M,N,P,QeE  (2) 

Mappings  with  this  property  are  called  Euclidean 
mappings,  and  it  is  straightforward  to  show  that  this 
definition  is  independent  of  the  particular  value  of  n chosen 
in  the  mapping  6^  : ExE  — R3.  Furthermore,  any  Euclidean 
mapping  induces  a mapping  of  E3  into  itself  according  to  the 

i : R3  - R3  4(2)  = <(4M.4N)  where  (M,N)ey  (3) 

Since  the  definition  of  ± involves  a choice,  it  will  now  be 

shown  that  ± is  indeed  well  defined. 


Let  (M.N), (P,Q)ev,  and  assume  6(*M.*N)  = yi 
■WP.W  = Y2.  where  v2  can  be  orthogonally  decor 
(Kaplansky,  [1969])  as  v2  = Xyx  + a with  ae[y1J'L 


Yl  = Y2. 


o = (o,o)  = (vj.Vi)  = (st-m.+m  .6 N>n.+tin 
= (6 (M.N) .6 (M.N) ) 

Thus  {{ M.N)  = o,  and  (M,N)«2.  If  (P,Q)e2  then 


0 = («(P,Q),«(P,Q))  = (S(* P,*Q),4(*P,+Q))  - (v2,y2) 
Thus  v2  = 0 - v1. 

2.  v2  Ji  0;  then 

(Si.Yi)  = .StM.-W))  = (4(M.N)  .6<M.N)  ) 

= (6  (M.N)  .6  fP.O)  ) = (6(itM.*N)  .6f.tP.eon 
= (Yl,Y2>  “ (Yi,*Yl  + a)  = N (Yl.  Yl)  + <Yj.,a) 


the  relationship  above 

(Yl.Yl)  = (6(*M.*N)  .t(+M.*N))  = (6(M.N)  ,4(M.N)) 
= (£l£^fl).,i(P.Q))  - (S(*P.*0)  .4N.P.-K))) 
= (Y2,Y2>  = (Yi  + a.Yi  + a) 

= (Ki.Yi)  + (a.a) 


Y2  - Yl- 


is  independent  of  the  scale  of  length  singled  out  by  the 
mapping  4 : ExE  - R3. 

It  is  also  evident  that  if  £(jr)  = w,  then  the  image  of 
any  vev , under  the  induced  mapping  on  R3,  will  be  given  by  w. 
Since  R3  and  R3  are  orthogonally  isomorphic,  the  induced 
mappings  on  R3  and  R3  will  be  both  denoted  by  £,  the 
distinction  will  be  clear  from  the  context. 

The  following  proposition  provides  more  insight  into  the 
nature  of  the  induced  linear  transformation. 

Proposition  1.  The  mapping  £ preserves  the  inner  product 
of  R3. 

Proof:  Let  v,weR3  with  v = 4(M,N),  w - 4(P,Q)  for  some 
M,N,P,Q£E.  Then 

(£X,£w)  = (4(£M,£N)  ,4(£P,£Q))  = (4  (M,N)  , 4 (P,Q)  ) = (v,w) 
However,  by  definition  of  the  induced  orthogonal  structure  of 
R3,  (v,w)  = (v,w) , and  therefore 

(£v,£w)  = (y,a)  (S) 

This  result  is,  in  fact,  a logical  consequence  of  the 
particular  way  in  which  the  induced  orthogonal  structure  of 
R3  as  well  as  the  induced  mapping  £ have  been  defined. 

It  will  now  be  demonstrated  that  the  induced  mapping 
£ : R3  - R3  is  orthogonal.  Since  it  has  already  been  shown 
that  £ preserves  the  inner  product,  it  suffices  to  show  that 
£ is  a linear  mapping.  The  proof  is  accomplished  by  extending 
and  slightly  modifying  a result  reported  in  Angeles  [1982J. 


Proposition  2.  Every  mapping  of  a positive  definite  (or 
negative  definite)  real  orthogonal  space  into  itself  which 
preserves  the  inner  product  is  linear. 

Proof:  Let  X be  a positive  definite  (or  negative 
definite)  real  orthogonal  space,  p a mapping  which  preserves 
the  inner  product,  and  v,w£X,  define 

e = +(v  + w)  - +(v)  - *(w) 

(e,e)  = (*(v  + w)  - *(v)  - +(w),+  (v  + w)  - *(v)  - +(w) ) 

= (*(v  + w)  ,*(v  + w))  + (+(v),+(v))  + (+(w),+  (w)) 

- 2(+(v  + w)  ,*P (v) ) - 2(*(v  + w)  ,*(»)) 

+ 2(+(v),*(w)) 

= (V  + W,  V + w)  + (v,v)  + (w,w)  - 2(v  + w, v) 

“ (v,v)  + (w,w)  + 2(v,w)  + (v,v)  + (w,w)  - 2(v,v) 

Since  X is  a definite  orthogonal  space  e = 0,  and 
+ (v  + w)  = +(v)  + *(w), 

then  •p  is  additive.  Further,  let  vex,  v j*  0 ,and  XeR;  then 
*(Xv)  can  be  expressed  in  the  form 

+ (Xv)  = <W(v)  + w 

where  aeR,  and  w« (v) )x.  Consider  now  the  inner  product 
Mv,v)  = (v,Xv)  = (+(v)  (Xv) ) = OMv)  ,a*(v)  + w) 

= a(+(v),+(v))  + (+(v),w)  - a(+(v),+(v)) 


X2(v,v)  = (Xv,Xv)  = (X*(v)  + w,X+(v)  + w) 

= X2(+(v),  + (v))  + 2X(+(v),w)  + (w,w) 

- X2(v,v)  + 0 + (w,w) 

Therefore  (w,w)  = 0.  Since  X is  a definite  orthogonal 
space,  then  w = 0;  thus  is  homogeneous  and  linear. 

Corollary  3.  Every  mapping  of  a positive  definite  (or 
negative  definite)  real  orthogonal  space  into  itself  which 
preserves  the  inner  product  is  orthogonal. 

In  particular,  these  two  last  results  apply  to  mappings 
which  preserve  the  inner  product  in  R3. 

After  having  shown  that  the  induced  Euclidean  mappings 
are  linear  transformations,  it  appears  natural  to  inquiry 
whether  the  mappings  are  injective  and/or  surjective.  The 
answer  to  these  questions  can  be  obtained  from  a result 
reported  by  Porteous  [1981]. 

Proposition  4.  Every  orthogonal  mapping  of  a 
non-degenerate  orthogonal  space  into  itself  is  injective. 

Proof:  Let  X be  a non-degenerate  orthogonal  space, 
v , wcX , and  + an  orthogonal  map  satisfying  *(v)  = *(w);  then 
+ (v  - w)  = +(v)  - >)<(w)  = 0,  and  for  every  u«X 

0 - (0,*(u))  = (.(-(v  - w),+  (u))  = (v  - w,u) 

Since  X is  non-degenerate, 

Corollary  5:.  Every  orthogonal  mapping  of  a 
non-degenerate,  finite-dimensional  orthogonal  space  into 


itself 


bijection. 


Once  more,  these  results  apply  in  particular  to  the 
orthogonal  mappings  induced  in  R3  by  Euclidean  mappings. 

Summarizing  the  results,  it  has  been  shown  that  the 
induced  mappings  of  Euclidean  transformations  are  orthogonal 
automorphisms  of  the  real  orthogonal  space  R3.  It  is  well 
known  that  the  orthogonal  automorphisms  of  R3  form  a group, 
called  the  orthogonal  group  and  denoted  by  0(3).  However 
there  are  two  classes  of  orthogonal  mappings.  Those  which 
preserve  the  intrinsic  orientation  of  R3  form  a subgroup  of 
the  orthogonal  group,  denoted  by  S0(3),  and  called  the 
special  orthogonal  group.  Those  which  do  not  preserve  the 
orientation  of  R3  do  not  form  a subgroup.  Bottema  and  Roth 
[1979]  show  that  the  induced  orthogonal  mappings  must 
preserve  the  orientation  of  R3;  hence  they  must  be  elements 
of  SO ( 3 ) . Even  though  the  definition  of  Euclidean  mapping  is 
broad  enough  to  include  mappings  which  do  not  preserve  the 
orientation  of  |R3,  those  will  not  be  considered  anymore. 

2.5  Properties  of  the  Euclidean  Mappings 
In  the  previous  section  Euclidean  mappings  and  their 
induced  transformations  were  defined,  but  the  lack  of 
structure  in  the  Euclidean  space  E hampered  any  effort  to 
directly  find  their  characteristics.  After  searching  the 
properties  of  the  induced  mappings,  it  is  possible  to  pursue 
the  investigation  of  the  Euclidean  ones. 


* - <*+(») )-1*4k  W 

Proof:  Let  MeE  be  arbitrary:  then 

((«+(N))-1i«N)(»)  = )-15fe)  «n<m> 

- (<+(N))'1(i(«(”.«))) 

" <*#{K)»-1**(lf)  <+<**>)  = +<M) 
Corollary  2.  Every  Euclidean  mapping  is  bijeotive. 

Proof:  By  definition  4N  and  (4+(N) ) ~1  are  bijections, 
and  by  corollary  (4.5)  ± is  also  a bijection;  since  + is  a 
composition  of  bijective  mappings,  * is  also  bijective. 


is  the  composition  of  the  corresponding  induced  mappings. 

Proof:  Let  +1,+2  be  Euclidean  mappings,  ±i,±2  be  their 
associated  mappings,  and  M,NeE  be  arbitrary;  then 

<«(+2n*,+2+1lO.*(*2+1*,*2+1K))  = 

- (6 (M,N) , 5 (M,N) ) 

4(v)  = JOj#! M,+2+jN)  = « (+2  (+xM)  ,+2 C+xN)  ) = 

= *2ii(«(M,N))  = i2ii(y) 


Therefore 

Proposition  4.  The  inverse  of  a Euclidean  mapping  is 
also  Euclidean,  and  its  induced  mapping  is  the  inverse  of  the 
induced  mapping  of  the  original  Euclidean  mapping. 

Proof:  Let  ^ be  a Euclidean  mapping,  and  ± its  induced 
mapping ; then 

(«(*M,*N),«(*M,*N))  = ( 6 (M,N) , 6 (M, N) ) 

Renaming  M1  = +M  and  N'  = +N;  then  M = +_1M'  = 4_1+M,  and 
N * +“1N'  = are,  respectively,  the  unique  images  of  M' 

and  N'  under  +-1.  Therefore 

V H'rH'eE;  hence  is  also  Euclidean. 

Assume  now  4 : R3  - R3  is  the  induced  mapping  of  and 
6 (H' ,N')  - v;  then 
2 = 13(2)  = 

= ii(«(*1_1M,,+1_1N')  = *i4(4(M',N'))  = 4]4(y) 

Thus  I3  - iii,  and 

i - (*i)-1l3  - (il)'1  (3> 

Proposition  5.  The  set  of  Euclidean  mappings  together 
with  the  composition  operation  form  a group,  called  the 
Euclidean  group,  and  denoted  by  E ( 3 ) . 

Proof:  By  proposition  3,  the  composition  of  two 
Euclidean  mappings  is  also  a Euclidean  mapping;  thus  the  set 
is  closed  under  the  operation. 


The  composition  of  Euclidean  mappings  being  a special 
case  of  the  composition  of  arbitrary  mappings,  which  is 
associative,  is  also  associative. 

Consider  the  mapping  t : E -*  E such  that  t (M)  = H V Ms E . 
It  is  straightforward  to  prove  that  1 is  a Euclidean  mapping, 
and  it  behaves  as  the  identity  element  of  the  group. 

By  corollary  2,  every  Euclidean  mapping  is  invertible, 
and,  by  proposition  4,  its  inverse  is  also  a Euclidean 
mapping. 

Now  that  it  has  been  established  that  Euclidean  mappings 
constitute  a group,  proposition  3 provides  a proof  for  the 
following  statement: 

Corollary  6.  The  mapping  41  : E(3)  - SO(3),  which  assigns 
to  every  Euclidean  mapping  its  induced  orthogonal  mapping  is 
a group  homomorphism. 

It  is  a well  known  fact  that  the  composition  of 
Euclidean  mappings  is  not  commutative  (Bottema  and  Roth 
(1979]).  Therefore  the  Euclidean  group  is  not  abelian.  It  now 
appears  natural  to  inquire  about  the  possible  existence  and 
properties  of  subgroups  of  the  Euclidean  group.  It  will  be 
shown,  in  the  next  two  sections,  that  there  are  two  important 
classes  of  subgroups  of  the  Euclidean  group  namely 
translations,  and  rotations  about  a fixed 


2.6  Translations 

A translation  is  defined  as  a mapping  r : E -*  E with  the 
property  that  there  exists  a veR3  such  that 

S(rM,M)  = v V MeE  (1) 

More  precisely,  r is  called  a translation  of  E by  the  vector 

Proposition  1.  A translation  is  a Euclidean  map. 

Proof:  Let  M,NeE  be  arbitrary:  then  by  the  triangle 

4(TM,fN)  - 4 (TM,M)  + 4 (M,N)  + 4(1J,TN) 

- 4(rM,M)  + 4 (M,N)  - 4 (rN,N) 
by  definition  4(TM,M)  = 4(tN,H):  therefore 

4(rM,rN)  = 4(M,N)  (2) 

Hence  the  preservation  of  the  quadratic  form  is  immediate, 
for 

(4 (tM, rN) , 4 ( fM, TN) ) = (4 (M,N) , 4 (M,N) ) V M,NeE 

The  following  result  provides  a useful  characterization 
of  a translation. 

Proposition  2.  A Euclidean  mapping  * is  a translation  if 
and  only  if  ± = I3,  where  X3  is  the  identity  mapping  in  R3. 

Proof:  Assume  + is  a translation;  then  by  equation  (2) 
i(4(M,N))  - 4(+(M),+(N))  = 4 (M,N) 

Therefore  ± = I3.  Assume  there  are  two  points  M,NeE  with 
4(+M,M)  t 4(+N,N);  then 

*(4(M,N))  = 4(+M,+N)  = 4(+M,M)  + 4(M,N)  + 4(N,+N) 

- 4 (M,N)  + [4(+M,M)  - 4(+H,M)] 


since  «(+M,M)  f 6(+n, U) , then 

£(j(M,N))  + S( M,N)  and  £ ? I3 

Proposition  3.  The  subset  of  all  translations  is  closed 
under  the  composition  operation;  furthermore,  composition  of 
translations  is  commutative. 

Proof:  Let  t1(t2  be  two  translations,  with  V1  / v2  eG* 3 
their  associated  vectors,  and  Me E be  arbitrary;  then  using 
the  triangle  axiom 

«(t2t1M,M)  = «(r2TiM,r1M)  + «(TjM,M)  = v2  + V! 

Thus  T 2r 1 is  a translation,  and  the  associated  vector  is  the 
sum  of  the  associated  vectors.  Moreover 

«(T]T2M,M)  = «(t1t2M,t2M>  + i(T2M,M)  - Vi  + v2 
Since  addition  in  R3  is  commutative,  Vj  + v2  ■ v2  + v1#  and 
6 fr2T1M,T1r2M)  = «(t2t1M,M)  + £( M,rjT2M) 

= «(r2T]M,M)  - «(T!r2M,M) 

= (v2  + vx)  - (vx  + v2)  - 0 


Proposition  4.  Let  r : E -*  E be  the  translation  of  E by 
a vector  v;  then  r-3,  : E - E is  the  translation  of  E by  the 


Proof:  Let  Me E be  arbitrary,  with  tM  = N,  and 
T-1N  = r_1iM  = P,  for  some  PeE.  Applying  the  triangle 
equality 

6 (P,M)  = 4(P,N)  + «(N,M)  = 6 (r“3N,N)  + «(TM,M)  = -V  + V - 0 


coupled  u 


t~1tM  - M,  hence  - t , and  this  result 
e commutativity  of  the  composition  proves  th 
t denotes  the  identity  Euclidean  mapping. 

Proposition  5.  The  set  of  all  translations  forms  a 
normal  abelian  subgroup,  denoted  by  T,  of  the  Euclidean 

Proof:  By  proposition  3,  the  set  is  closed  under 
composition,  and  the  composition  is  commutative.  By 
proposition  4 , the  set  is  closed  under  the  operation  of 
taking  inverses.  Finally,  let  r and  + be  an  arbitrary 
translation  and  Euclidean  mapping  respectively;  consider  th 
mapping  4 = ^ r 4 “ 1 ; then 

j = 4,4-1  = tifUti3  (4)-l  . x3 


Thus  by  proposition  2,  * is  a translation. 

Further,  with  the  usual  definition  of  a scalar  multiple 
of  a mappings,  this  group  can  be  made  isomorphic  to  the 
vector  space  . 


2.7  Rotations 

A Euclidean  mapping  p : E - E is  called  a rotation  if 
there  exists  a point  PeE  such  that  pP  = P.  P is  then  called  a 
fixed  point  of  the  rotation. 

Proposition  1.  The  set  of  rotations  having  a common 
fixed  point  P,  denoted  by  flp,  forms  a subgroup  of  the 


Proof:  Let  p1,p2enp;  then 


p2piP  = p2(piP)  = PaP  = p 

and  p2pitftp.  Trivially,  the  identity  mapping,  l : E -*  E, 
belongs  to  Op,  for  tP  = P.  Let  peftp;  then 

P = iP  = (p_1p)P  = P-1(pP)  = P-1P 
Thus,  p_16np  and  the  set  is  closed  under  the  operation  of 
taking  inverses. 

It  is  noteworthy  to  recognize  that  for  any  point  PeE 
there  is  a subgroup  ftp  of  the  rotations  leaving  P fixed. 
Sometimes  the  fixed  point  will  be  used  as  a suffix  of  a 
rotation  as  a way  of  specifically  stating  the  invariance  of 

The  following  result  characterizes  the  equivalence  of 
two  rotations. 

Proposition  2.  Two  rotations  p ^ and  p2  are  equal  if,  and 
only  if,  they  have  a common  fixed  point  and  the  same  induced 
orthogonal  mapping. 

Proof:  Let  P be  the  common  fixed  point,  and  consider  an 
arbitrary  McE;  then 

$(P]M,p2M)  ” 4(pjM,piP)  + 4(pjP,p2P)  + «(p2P,p2M) 

= £i«(M,P)  + 6 (P,P)  + £24(P,M) 

= m[4(M,P)  + S (P,M)  ] + 0 = aj.[4(M,M)] 

= m(0)  = 0 

Thus,  P!(M)  = p2(M)  V MeE,  and  P]_  = p2. 

Assume  p 2 and  p2  do  not  have  a common  fixed  point;  then 
if  P is  any  fixed  point  of  p ^ , p^p  - p;  however  by  assumption 
P2P  t P:  hence  pxP  ? p2P  and  p2  / p2. 


Finally,  assume  p2  and  p2  have  P as  a common  fixed  point 
but  £!  f e_2  •’  then  3veR3  such  that  ^ (v)  f £2  (v) . Let  MeE  be 
such  that  pp(M)  - v;  then  applying  the  triangle  equality 

«(PlM,P2M)  = S (p2M,P)  + S( P,p2M) 

= 6 (p2M,PxP)  - 6 (p2M,p2P) 

= ai«(H,P)  - £2i(“-p)  = aiv  - e.2v  + 0 
Thus  pjM  f p2M  and  p2  f p2. 

If  a rotation  p : E - E is  also  a translation,  then  the 
vector  associated  with  the  translation  is  given — employing 
the  fixed  point  P of  p — by 

«(pP,P)  - <(P,P)  = 0 
It  follows  that  for  every  MeE 

6 (pM,M)  = 0;  thus  pM  = M 

Therefore  p is  the  identity  mapping.  Conversely,  the  identity 
mapping  is  the  unique  Euclidean  mapping  which  is  both  a 
rotation  and  a translation;  hence  flpnT  = (i). 

Given  a non- identity  rotation  p : E — E,  then  it  can  be 
shown  that  the  induced  mapping  £ is  a non-identity  proper 
orthogonal  transformation  of  R3.  Further,  from  the  theory  of 
proper  orthogonal  mappings  (Herstein  [1975]),  1 is  the 
unique  real  eigenvalue  of  any  non-identity  proper  orthogonal 
mapping  of  R3;  Euler's  theorem  will  now  be  proved  using 
these  results. 

Proposition  3 (Euler's  Theorem).  Every  rotation 
p : E - E has  associated  a pointwise  fixed  affine  line, 
which  is  called  the  rotation  axis  of  p. 


eigenvector  associated  with  the  eigenvalue  1;  consider  QeE 
given  by 

Then  applying  the  triangle  eguality 

4<pQ,Q)  = 4(pQ,pP)  + f(pP,P)  + «(P,Q) 

= £[«(Q,P)]  + «(P,P)  + *(P,Q) 

= e.(\v)  + 0 - S(Q,P)  - Av  - Av  = 0 
Thus  pQ  = Q.  Furthermore,  the  pointwise  fixed  affine  line  is 
given  by 

{QeE  | 4(Q,P)  = Av  for  some  XeIR)  (1) 

2.8  P<?99WP9SiU9n  9t  Euclidean  Mappings 
After  establishing  that  translations  and  rotations 
around  a fixed  point  are  subgroups  of  the  Euclidean  group, 
it  appears  natural  to  ask  whether  it  is  possible  to  decompose 
an  arbitrary  Euclidean  mapping  in  terms  of  a translation  and 
a rotation.  The  answer  is  in  the  affirmative. 

Proposition  1.  Every  Euclidean  mapping  can  be  written  as 
the  composition  of  a translation  and  a rotation  whose  fixed 
point  is  arbitrarily  chosen.  Moreover,  the  decomposition  is 
unique  up  to  the  selected  fixed  point  of  the  rotation. 

Proof:  Let  : E - E be  an  arbitrary  Euclidean  map,  and 
PeE  be  an  arbitrary  point:  denote  v - 4(+P,P)  and  define 


S(ppP,P)  = S(p  PP,*P)  + 4(+P,P)  = 4(r_v+P,+P)  + v--v  + v=  o 
Thus  ppP  = P,  and  pp  is  indeed  a rotation  leaving  the  point  P 


* = 'vPp  (1) 

There  are  two  special  cases  of  this  proof.  If  4 (+P, P)  = 0, 
then  IP  = p,  and  is  a rotation;  therefore  trivially 

If  there  is  a veR3  such  that  4 (+M,M)  = v V MeE,  then  * is  a 
translation  and  trivially 


Now  assume  that  + has  two  decompositions  with  the  same  fixed 


* = rvp p 
Since  v = 4(*P,P)  = w 
rvPp  “ + - rv(pp)*,  ai 


A similar  proof  : 
o be  decomposed  as 


and  * = Tw(pp)* 

,en  rv  - rM;  therefore 
rv)_1(TvPp)  “ ('v)'1<rv(Pp)*); 
Pp  = (Pp)* 

's  that  any  Euclidean  mapping  a 


* - P (+P)  rw 

where  w = 4(+P,P)  for  an  arbitrary  Pee.  Moreover  by 
proposition  5.3 

£p  = l3fip  = Ivfip  = ± = £(*p)  Lw  = £(+P)  *3  = £(*P) 


a p - £(+P) 


(3) 


Similarly,  it  is  a routine  task  to  verify  that  if  a 
Euclidean  mapping  'P  is  decomposed  as 

+ = rvpP  or  * = p(+ pjTw  (4a) 

Then,  the  inverse  mapping  can  be  decomposed  as 

+-1  ■ r_„(p  (+P))-1  or  +_1  - pP-1r_v  (4b) 

Although  the  selection  of  different  points,  as  fixed 
points  of  the  rotation,  leads  to  distinct  decompositions,  it 
will  be  proved,  analogously  to  the  proof  of  equation  3,  that 
the  induced  orthogonal  mapping  remains  invariant. 

Proposition  2.  The  induced  orthogonal  mapping  of  an 
arbitrary  Euclidean  mapping  is  independent  of  the  fixed  point 
chosen  to  accomplish  the  decomposition. 

Proof:  Let  P : E - E be  an  arbitrary  Euclidean  mapping 
with  two  distinct  decompositions 

+ = rvpp  and  * = rwpQ 

Then,  by  proposition  5.3, 

A P = *3EP  = AvAp  = £ = L»Bj2  = l3fiQ  = Sq 
This  result  coupled  with  the  invariance  of  the  induced 
orthogonal  mapping  under  changes  of  the  scale  of  length 
ensures  that  the  induced  orthogonal  mapping  is  a true 
Euclidean  property  of  any  Euclidean  mapping. 

on  the  other  hand,  the  selection  of  different  points,  as 
fixed  points  of  the  rotation,  also  leads  to  distinct  values 
of  the  translation  vector;  however,  those  vectors  still  have 
interesting  invariant  characteristics  whose  investigation 
leads  up  to  some  of  the  results  credited  to  Rodrigues  (Gray 


[1980]), and  chasles  (Bottema  and  Roth  [1979]),  and  ultimately 
to  the  screw  representation  of  Euclidean  mappings. 

Proposition  3 . Let  ^ be  a Euclidean  mapping  decomposed 
as  + = rvpp  and  + = rwpQ,  where  P,Q  are  two  arbitrary 
distinct  points  and  let  u be  an  eigenvector  related  to  the 
eigenvalue  1 of  the  common  induced  orthogonal  mapping.  The 
components  of  the  translation  vectors  along  the  eigenvector 

Proof:  It  is  obvious  that  (v,u)  ■ (w,u)  » (v  - w,u)  ■ 0; 
then  it  suffices  to  show  that  (v  - w)e[u]x. 

By  definition  v = S (+P, P)  and  w = i (+Q,Q) ; hence  by 
invoicing  the  triangle  equality 

v - w = «(*P,P)  - «(*Q,Q) 

- «(*P,«2)  + «(+Q,Q)  + «(Q,P)  - *(+Q,Q> 

= i[«(P,Q)]  - «(P.Q) 

Expressing  6 ( P, Q)  = Xu  + y with  ye[u]x,  then 

v - w = £(Xu  + y)  -(Xu  + y)  = X£u  + iy  - Xu  - y 
Since  by  assumption  ±u  = u,  then 

v-w-Xu  + iy-Xu-y  = iy-y 
Finally,  since  ± is  orthogonal,  then 

(v  - w , u)  - (4y  - y,u)  = (±y,u)  - (y,u) 

= (4y,iu)  - (y,u)  = (y,u)  - (y,u)  = o 
Thus  (v  - w)6[u]x,  which  establishes  the  result. 

The  component  of  the  translation  vector,  along  the 
eigenvector  u,  which  by  the  previous  result  is  independent  of 
the  fixed  point  chosen  during  the  decomposition.  It  does 


however  depend  on  the  scale  of  length  chosen  in  the  mapping 

the  mapping.  In  view  of  this  result,  the  question  arises 
whether  there  is  a point  S such  that  P — rrps  with  r - Au, 
for  some  AeR,  and  if  it  exists  then  where  is  it  located. 

Proposition  4.  If  a point  S,  satisfying  the  conditions 
shown  above  exist,  then  all  the  points  on  the  affine  line 

{P|  6 (P,S)  = pu  for  some  peB)  (5) 

satisfy  the  same  conditions.  Additionally,  all  the  points 
belonging  to  this  line  are  displaced  equally  by  the  Euclidean 
mapping  p . 

Proof:  Consider  an  arbitrary  point  P belonging  to  the 
affine  line  given  by  equation  5;  then 

«(+P,P)  = 4(+P,+S)  + «(+S,S)  + i(S,P) 

= *[4(P,S) J + Au  - «(P,S) 

= *(pu)  + Au  - pu  = pu  + Au  - pu  - Xu 
Proposition  5.  Let  f be  a Euclidean  mapping;  then  for 
any  decomposition  •P  = iwpq  the  restriction  mapping 
I3  - £q  ! [Ulx  “ []»]■*■  is  a bijective  linear  mapping. 

Proof:  Let  Ysta]x:  then 

((13  - flQ>¥.a)  = (y  - £q¥.u)  - (a. a)  - (ega. a) 

= (a.a)  - (aQa.aQa)  = o - (Y,a)  = o 

Thus  the  transformation  indeed  maps  [u]x  into  [a]-1-. 

Assume  that  yeker (13-eQ) ; then 

0 = (I3  - fiQ)Y  - Y " £qY  • £Qa  = 1£ 


If  X = 0,  then  the  result  follows  for  the  function  is 
injective  and  consequently  bijective.  Assume  y f 0;  then  y is 
an  eigenvector  of  £q  associated  with  the  eigenvalue  1;  hence 
y = py  for  some  pcR  a contradiction  to  ye  [u]x. 

Proposition  6.  Let  p : E -•  E be  an  arbitrary  Euclidean 
mapping;  then  a unique  affine  line  can  be  found  such  that  for 
all  the  points  S that  belong  to  the  line 

+ = rrps  with  r = Au 

where  u is  an  eigenvector  associated  with  the  eigenvalue  1 of 
the  induced  orthogonal  mapping. 

Proof:  By  proposition  4,  it  suffices  to  find  a point  in 
the  affine  line.  Let  Q be  an  arbitrary  point;  then 
* = Q 

Let  u be  an  eigenvector  associated  with  the  unit  eigenvalue 
of  eq;  then  w = p]U  + y with  Mi«R,  and  ye[u]x. 

Let  S be  another  arbitrary  point;  then  6(S,Q)  = P2U  + x 
with  and  xe (u]x.  Applying  the  triangle  equality 
«(+S,S)  = 6 (twpqS,S)  = «(twpqS,pqS)  + f(pQ,S) 

= w + S (PqS,pqQJ  + f(Q,S) 

= W + EQ(i(S,Q))  - f(S,Q) 

= w + Eq(P2u  + x)  - (P2»  + X) 

= Hiu  + y + p2u  + aQ(*>  ’ "2U  _ x 

- Piu  + y - (X3  - eq)x 

By  proposition  5,  the  mapping  (I3  - £q)  : [u]x  -*  [u]x  is 
bijective;  hence  a solution  of 


(I3  - fiQ): 


found  such 


Then,  by  proposition  7.2 

<PO>*“CPo)'  and  (Po)*'t  - T(eo)*t  <0o)*  (2) 

*2+1  = TVr(fio)*t(Po)*(Po) 

proposition  2.  The  quotient  group  E(3)/T  is  isomorphic 
to  np,  where  p is  an  arbitrary  point  of  E. 

Proof:  Consider  the  mapping 
#p  : E(3)  -*  lip  *p*  - pp,  where  * - r^Pp 

It  is  easy  to  notice  that  »p  assigns  to  an  arbitrary 
Euclidean  mapping  its  rotation  part  in  its  decomposition  with 
respect  to  the  point  P.  It  will  now  be  shown  that  4p  is  a 
group  homomorphism  onto  ftp  with  kernel  T,  then  resorting  to 
the  so-called  isomorphisms  theorems  (Herstein  [1975]  pp.  59) 
the  result  will  follow. 

Let  *i,*26E(3)>  where  *!  = ryip  and  *2  = rv(Pp)*;  then 

*p(+2+l)  = ♦p(7vr(ap),t',P*',P>  = (Pp)*Pp  = *p+2*p+l 

Let  ppetlp  be  arbitrary:  then  trivially  PptE(3)  and 

Thus  the  mapping  is  surjective.  Finally 

* eKer*  » t*  - ( » * . iti  for  some  t€R3 

This  result  gives  a complete  characterization  of  the 
Euclidean  group.  In  algebraic  terms,  it  is  defined  as  the 
semidirect  product  of  T by  hp  with'  action  ep  (Rose  [1978] 


CHAPTER  3 

REPRESENTATION  OF  THE  EUCLIDEAN  GROUP 

In  the  previous  chapter  it  was  emphasized  that  the 
Euclidean  group  exists  even  if  there  is  no  prior  selection  of 
a reference  system  in  the  Euclidean  space.  In  this  chapter 
several  homomorphic  representations  of  the  Euclidean  group 
will  be  reviewed. 

It  is  important  to  know  that  in  all  the  usual 
representations  of  the  Euclidean  group  it  is  required  to 
choose  a fixed  frame  of  reference.  This  frame  of  reference 
consists  of  a point  o,  called  the  origin,  a scale  of  length, 
and  three  directions  given  by  an  orthonormal  basis  of  the 
positive  definite  orthogonal  space  R3. 

This  fact  has  deep  implications  since  (see  section  2.3) 
the  selection  of  a point  and  a scale  of  length  sets  up  a 
bijective  relationship  between  the  points  of  the  Euclidean 
space  and  the  elements  of  R3.  Further,  choosing  a second 
orthonormal  reference  system  in  a moving  rigid  body  such  that 
in  the  initial  position  of  this  body  both  reference  systems 
coincide,  there  is  a bijective  relationship  between  the 
elements  of  the  Euclidean  group  and  the  possible  positions  of 
the  moving  rigid  body,  whose  set  is  usually  called 


configuration 


A significant  difficulty,  however,  is  that  it  is 
necessary  to  test  any  result  obtained  for  a particular  choice 
of  a reference  system  for  invariance  with  respect  to  the 
action  of  the  Euclidean  group  and  a change  of  the  scale  of 
length  before  the  result  is  declared  a Euclidean  geometry 
property . 

No  attempt  here  is  made  to  exhaust  all  possible 
representations  of  the  Euclidean  group  (Hiller  [1964],  Rooney 
[1978a]),  and  only  those  which  are  amply  used  in  the 
kinematics  field  or  shed  additional  insight  are  discussed. 
Further,  the  analysis  of  the  representations  of  the  Euclidean 
group  is,  in  this  chapter,  restricted  to  algebraic 
requirements  leaving  aside  metric  or  topological  requirements 
which  will  be  treated  in  chapter  4. 

The  main  achievements  of  this  chapter  are  firstly  the 
development  of  a unified  treatment  of  the  algebraic 
representations  of  the  Euclidean  group  used  in  kinematics, 
and  the  identification  of  the  so-called  kinematic  mappings  as 
representations  of  the  Euclidean  group.  Secondly,  the 
deduction  of  the  spin  representation  of  the  Euclidean  group, 
developed  in  sections  3.4  to  3.6,  as  well  as  the  connection 
of  the  spin  representation  with  the  biquatemion 
representation,  proved  in  section  3.7,  is  also  new.  Finally, 
the  application  of  the  spin  representation  to  the  induced 
line  transformation,  given  in  section  3.8,  is  an  interesting 


approach 


chapter. 


3.1  fundamentals  of  Representation  Theory 

representation  T of  the  group  G into  L(X) , the  algebra  of 
linear  operators  of  X,  is  a mapping  T:  G -•  L(X)  satisfying 

1.  T(g2g2)  = T(g2)  T(gx)  for  all  g1(g2eG  (1) 

group  homomorphism;  furthermore,  since  for  any  g«G 
Ix  - T(e)  = T(gg_1)  = T(g)  Tfg'1) 

lx  = T(e)  - T(g_1g)  = T(g_1)  T(g), 

T(g_1)  = [T(g)]_l  (3) 

Hence  all  the  operators  T(g)  are  non-singular.  Consequently, 
T(G)  forms  a subgroup  of  the  group  of  units  of  the  algebra 
L(X). 

If  X is  finite-dimensional,  T is  called  a 
finite-dimensional  representation  of  G.  Otherwise,  T will  be 
an  infinite-dimensional  representation.  This  work  considers 
only  finite-dimensional  representations  of  the  Euclidean 


ly  g«G 


9291s  = 92 (9ls) 


for  all  9i>92«>  and 


es  = s for  e:G,  the  group  identity,  and  V seS,  (4b) 
then  G is  said  to  act  upon  the  set  S.  Rose  ([1978]  pp. 

68-70)  shows  that  the  mapping 

*g  ■ S - S *g(s)  - gs  (5) 

is  a bijective  mapping  of  S;  i.e.  4»g€Sg,  where  Eg  is  the 
symmetric  group  of  the  set  s.  Furthermore  the  mapping 

* : G - SS  *g  = *g  (6) 

is  a group  homomorphism.  Since  G is  isomorphic  to  a group  of 
bijective  mappings  or  transformations  of  the  set  S,  then  G is 
called  a transformations  group.  It  follows  that  the  Euclidean 
group  acts  upon  the  points  of  the  Euclidean  space.  Further, 
since  for  any  specified  points  M and  N of  the  Euclidean  space 
there  is  an  element  (in  fact,  an  infinite  number  of  elements) 
of  the  Euclidean  group  which  transforms  M into  N,  the  action 
of  the  Euclidean  group  over  the  points  of  the  Euclidean  space 
is  called  transitive.  Moreover,  the  set  of  points  of  the 
Euclidean  space  is  said  to  be  a homogeneous  set  of  the 
Euclidean  group  (Naimark  and  Shtern  [1982]). 

From  a strictly  theoretical  point  of  view,  the  previous 
definition  of  a group  representation  is  sufficient  for  any 
class  of  groups,  including  groups  of  transformations. 

However,  it  is  highly  desirable  to  use  the  representation  of 
the  group  for  obtaining  the  image  of  an  element  of  the  set 


under  any  of  the  transformations.  This  can  be  accomplished  as 

Let  G be  a group  of  transformations  of  a set  S;  then  an 
additional  injective  mapping,  from  the  set  S to  a vector 
space,  4 : s — X is  required  such  that 

4*  : S - 4(S)  S X **(s)  = 4(s)  V seS 
is  bijective,  and  the  following  diagram  commutes 


or  alternatively  for  all  seS 

4*gs  = T(g) 4*s  (7) 

Since  4*  is  bijective,  it  is  possible  to  write 

g = **-lT(g)«*  (8) 

T(g)  - **g**-l  (9) 

This  procedure  is  accomplished  only  if  an  injective 
mapping  4 and  subsequently  4*  which  satisfies  equation  (7) 
can  be  found.  Then  T(g)  is  linear. 

The  technique  illustrated  above  can  be  reversed;  viz. 
given  an  injective  mapping  4 : S -»  X,  the  mapping 
4*  : S - 4 (S)  4*(s)  = 4(s)  V seS 

is  bijective,  and  it  is  feasible  to  define  its  inverse 
mapping  as 

where  seS  is  the  unique  element  satisfying  4*s  = v. 


3.  There  is  a proper  orthogonal  napping  £o  associated 
with  the  rotation. 

The  first  condition  (see  section  2.2)  sets  up  a 
bijection  between  the  points  of  the  Euclidean  space  and  the 

S0  : E — R3  «0(M)  = «(H,0)  (1) 

as  the  bijective  napping. 

It  will  now  be  shown  that  the  Euclidean  napping  + 
induces  a napping  *0i,  in  general  nonlinear,  of  R3  into  R3  in 
the  following  way: 

Consider  two  distinct  Euclidean  spaces;  one  of  then, 
denoted  by  E,  noves  freely  and  the  other,  denoted  by  S',  is 
fixed.  Let  0 be  a reference  point  of  E,  and  O'  be  the  point 
of  E'  initially  coincident  with  0.  Let  Mrs  be  an  arbitrary 
point  with  v = (M) ; then  define  the  induced  napping 

+0'  : R3  - R3 

+0'(v)  = = f(+(M),  + (0))  + «(+(0),0') 

= i(*(M,0)  + *(Ttp0(0),0') 

= eo(v)  + = ao(v)  + fc  <2) 

This  class  of  non-linear  affine  transfomations,  with  a 
proper  orthogonal  linear  part,  is  a subgroup  of  the 
three-dinensional  affine  transfomations  group.  Here  it  is 
denoted  by  AS0(3) . 

It  is  sinple  to  show  that  the  following  diagran 


Thus,  except  for  the  non-linearity  of  +0i,  the  mapping 

A : E(3)  - AS0(3)  A+  - *0,  (3) 

seems  a good  choice  for  a "representation"  of  the  Euclidean 
group.  It  remains  to  show  that  A is  a group  homomorphism. 

Let  *j_  = rup0,  and  +2  = Tt(Po)  * be  two  arbitrary 
Euclidean  mappings.  Proposition  2.9.1  shows  that 
*2*1  = rtr(ao)*u(Po)*(Po)  ! Hence  for  any  v«B3, 

A(+2+i)v  = (eo)*(ao)v  + (eo)*u  + « = [A(*2))t(ao)v  + “1 
= [A(+2)][A(+1)]v 

Therefore 

A(*2*i)  - At^lAf*!)  (4) 

This  "representation"  of  the  Euclidean  group  given  by 
equation  (3)  is  far  too  abstract  for  calculations.  This 
problem  is  overcome  by  selecting  an  orthonormal  basis  of  R3. 
It  is  well  known  (Herstein  [1975])  that  this  selection  sets 
up  an  algebra  isomorphism  between  the  proper  orthogonal 
transformations  of  R3  and  the  3x3  proper  orthogonal 
matrices.2  The  image  of  ao  under  this  mapping  will  be  from 
here  on  represented  by  R. 


2An  orthogonal  matrix  is  said  to  be  proper  if  its 

determinant  is  positive. 


Consider  now  the  set  of  ordered  pairs  (R,t),  where  R is 
a 3x3  orthogonal  matrix,  and  t is  an  element  of  R3,  with  the 
operation 

(Rj.tjHRi.ti)  - (R2R1(  R2tj.  + t2)  (5) 

It  is  straightforward  to  show  this  set  is  a group  formed  by 
the  semi-direct  product  of  the  subgroup  (R,0)  acting  on  the 
normal  subgroup  (0,t).  In  particular  the  identity  is  given  by 
(13,0),  where  I3  stands  for  the  3x3  identity  matrix,  and  the 
inverse  of  (R,t)  is  given  by 

(R.t)-1  - (R_1,  -R_1t)  (6) 

Furthermore,  the  action  of  this  group  upon  an  arbitrary 
veR3,  where  v = «0. (M) , is 

This  group  is  sometimes  referred  to  as  the  group  of 
symmetries  of  R3.  This  result  has  influenced  many  to  identify 
the  Euclidean  group  with  the  group  of  isometries  of  R3. 
However,  it  is  necessary  to  realize  that  the  identification 
requires  an  arbitrary  selection  of  the  scale  of  length  and  an 
origin.  Hence  the  identification  is  not  natural  (Loncaric 
[1985]). 

3.3  21ig_4x4  Matrix  Representation  of  the  Euclidean  Group 
In  the  previous  section  it  has  been  demonstrated  that 
after  selecting  a point  o,  scale  of  length,  and  an 
orthonormal  basis  of  R3,  any  element  of  the  Euclidean  group 
can  be  represented  by  the  ordered  pair  (R,t) . Further,  the 


image,  M1,  of  an  arbitrary  point  M of  the  Euclidean  space  is 
obtained  through 

x'  = R x + t,  (1) 

where  x'  and  x are  respectively  the  images  of  H'  and  M under 
the  mapping 

«0.  : E - R3  Sqi (P)  = S (P,0* ) (2) 

Nonetheless,  the  map  given  by  equation  (1)  is  non- 
linear. Thus,  it  is  not  a representation  of  the  Euclidean 
group  in  the  sense  of  section  3.1.  Here,  following  the  ideas 
developed  in  section  3.1,  a novel  approach  is  presented  which 
leads  to  a group  theoretical  vindication  of  the  4x4  matrix 
representation  of  the  Euclidean  group.  This  representation, 
although  widely  used  in  computer  graphics  and  robotics,  has 
been  recently  the  subject  of  some  criticism  (Angeles  [1982]). 

Consider  the  mapping 

tk  : R3  - R4  l]c<Vi,v2,V3)  - (Vi.Vj.Vs.k)  (3) 

where  keR  and  k ^ 0.  This  map  is  obviously  injective.  Thus 
l*k  : R3  - lk(R3)  t*k(v1,v2,v3)  = (v1,v2,v3,k)  V (v1(v2,  v3)  eR3 
is  a bijective  mapping. 

For  an  arbitrary  mapping  (R, t) eAS0(3)  consider  the 
transformation  defined  according  to  equation  (1.11) 

t^tR.tjt**'1  : R4  - R4,  (4) 

The  image  of  an  arbitrary  (v1,v2,v3,k) etk(R3)  will  be  given 
by 


(l*k(R,t)t*k-l)(vx,v2,v3,k)  - (t*]c(K,t))(v1,v2,v3) 

= 1 *k(=llvl  + =12v2  + kl3V3  + tj, 


=31vl  + =32v2  * r33v3  + =3> 

= (rllv1  + r12v2  + ri3V3  + tX, 
r21vl  + =22v2  + r23v3  + t2- 
r31vl  + r32v2  + r33v3  + t3,k)  ( 

The  restriction  of  the  mapping  l *k(R, t) t *k_1  to 
t k(R3)  c Of4  can  be  functionally  represented  by  the  matrix 
expression 

rll  =12  =13  =1/* 
r21  r22  r23  t2/k 

r31  =32  =33  =3/* 


t *k  (R,  t)  t *k-=)  (v3 , v2 , v3 , k)  - 

r alternatively  by 

(t*k(R,t)l*k-l)(v,k)  = 


l >3 H 


Let  the  set  of  all  matrices  of  the  form  given  by  (6b)  be 
denoted  by  Ek(4),  where  k f 0 is  arbitrarily  fixed.  According 
to  section  3.1,  the  mapping 


is  a group  homomorphism.  Furthermore,  it  is  easy  to  prove 
that  the  mapping  is  injective  and  surjective;  hence,  a is  a 


group  isomorphism. 


The  group  5^(4)  is  a subgroup  of  M4X4,  the  group  of 
non-singular  4X4  real  matrices;  thus  a is  a matrix 
representation  of  the  Euclidean  group.  Moreover,  since  the 
image  of  an  arbitrary  point  v«R3,  under  a Euclidean  mapping, 
can  be  found  via  equation  (S) , a is  a representation  in  the 
extended  sense  of  section  3.1. 

For  an  arbitrary  k f 0 any  of  the  matrices  belonging  to 
E]c(4)  represents  a linear  automorphism  of  R4.  However  the 
restriction  of  this  linear  mapping  to  l^fR3)  is  itself  not  a 
linear  mapping.  In  fact,  tk(R3)  is  not  even  a linear  subspace 
of  R4.  Nevertheless,  in  no  part  of  the  theory  of 
representation  of  groups  of  transformations,  is  there  any 
requirement  that  the  action  of  the  representation  be  linear. 

Equally  and  perhaps  more  important,  it  will  now  be 
proved  that  £^(4)  can  be  regarded  as  an  orthogonal  group. 

This  is  to  say,  all  the  transformations  of  ( 4 ) preserve  the 

symmetric  bilinear  form  associated  with  an  orthogonal  vector 
space  (Brooke  [1980]). 

Consider  the  orthogonal  space  R1'0'3.  This  is  a vector 
space  endowed  with  the  following  symmetric  bilinear  form 
(x,y)  : R1.0.^1'0'3  _ K 

{(Xi.Xa.Xu.xoKtyi.yj.ys.y,,))-  xiyi  + x2y2  + x3y3  + ox0y0  (8) 

It  is  well  established  (Herstein  [1975])  that  a linear 
mapping,  M,  of  R1'0'3  will  preserve  the 


bilinear  form  if, 


where  r is  the  matrix  representative  of  the  bilinear  form 
with  respect  to  the  canonical  basis  of  R1'0'3.  Therefore,  t 
is  given  by 


Further,  using  the  condition  expressed  by  equation  (9)  yields 
"llMll*  - 13  (12a) 

M21  = 0 (12b) 

Moreover,  if  one  requires  firstly  that  the  matrix  M belong 
to  the  special  orthogonal  group  S0(l,0,3),  and  secondly 
preserve  the  semi-orientations  of  the  space — i.e. 

MfiSO+ (1,0,3) — , then  the  following  additional  constraints  are 
imposed 


I M11 1 I m22 I “ 1 <12d) 

I “ill  - 1 (120) 

Therefore  M22  must  be  a proper  orthogonal  matrix  of 
dimension  3;  i.e.  it  is  a three-dimensional  rotation  matrix 
R.  Since  |M22|  = 1 from  equation  (12d)  M22  = 1,  and 


This  is  the  same  matrix  given  by  equation  (7) . 

3.4  spin  Representation  of  the  Euclidean  group 

The  problem  of  representing  a Euclidean  motion  has  thus 
far  been  translated  into  one  of  representing  orthogonal 
automorphisms  of  IR3'0'3.  However,  R3 ' 3 is  a degenerate 

orthogonal  space,  vis.  there  are  non-zero  elements  x of 
ml, 0,3  which  are  orthogonal  to  the  entire  space,  or 
equivalently  (x,y)  - 0 V y elR 1 ■ 0 ' 3 . This  constitutes  a major 
disadvantage.  Not  only  are  degenerate  orthogonal  spaces  not 
as  well  understood  as  their  non-degenerate  counterparts,  but 
a multitude  of  important  results  for  non-degenerate  spaces  do 
not  apply  unrestrictedly  to  degenerate  spaces.  For  instance, 
the  decomposition  of  arbitrary  orthogonal  automorphisms  in 
terms  of  hyperplane  reflections,  an  important  result  which  is 
attributed  to  Dieudonne  [1955],  does  not  apply  to  degenerate 
orthogonal  spaces. 

Brooke  [1980]  overcame  this  problem  of  degeneracy  by 
regarding  R3'0'3  as  an  orthogonal  subspace  of  a 
non-degenerate  orthogonal  space  of  higher  dimension.  It  can 
easily  be  proved  that  R3'4  (short  for  r°»3»4),  a 
five-dimensional  orthogonal  space  with  the  symmetric  bilinear 


,,1,4x81,4  _ R (x,y)  _ ((x1,x2,x3,x4,x5),(y1,y2,y3,y4,y5)) 

“ "*lXl  + *2X2  + *3X3  + *4X4  + *5X5-  <U 
is  the  non-degenerate  orthogonal  space  of  the  lowest 
dimension  which  contains  an  orthogonal  subspace  isomorphic  to 
Rl-0-3.  Brooke  proved  that 

Spin+(1,0,3)  3 spin+(l,4)nstab(e0  + e4) 
using  the  theory  of  matrix  representation  of  spin  groups. 

Here,  a novel,  simpler  and  more  direct  proof  using 
solely  the  theory  of  spin  groups  is  given.  Spin  groups  are 
subgroups  of  the  Clifford  algebra  (see  Appendix  A)  of  the 
corresponding  orthogonal  space,  which  represent  the 
orientation  preserving  orthogonal  automorphisms  of  the  space. 
They  were  devised  by  Cartan,  and  initially  applied  to 
relativistic  physics.  Initially  interest  is  focussed  upon  the 
subgroup  of  orthogonal  automorphisms  of  R1-4,  which  leaves 
invariant  an  orthogonal  subspace  isomorphic  to  R1-0-3 
embedded  in  R3-4.  Later  it  will  be  required  that  the 
restriction  of  these  orthogonal  automorphisms  to  the 
orthogonal  subspace  isomorphic  to  R1-0-3  be  a Euclidean 
mapping. 

The  dimensions  of  its  Clifford  algebra  Rj  4 and  its  even 
Clifford  algebra  R1  4°  are  respectively 

dim  R14  = 2s  and  dim  Rlf4°  = 24  (2) 

Let  {eg,ei,e2,e3,e4 } be  an  orthonormal  basis  of  R1-4 

(eg, eg)  = -1  and  (ei-ef)  = +1  Vi  = 1,2, 3, 4 (3) 


Clifford  algebra 


This  seemingly  odd  arrangement  of  the  basis  elements  suggests 
the  possibility  of  expressing  an  arbitrary  element  of  IR3  , 0 

g = gi  + e0e4g2  + e0g3  + g4e4,  (4) 

where 

91  = a0®<|>  + al®2®3  + a2®3®l  + a3ele2  (5a) 

92  = b0e,J)  + ble2®3  + b2®3®l  + b3®l®2  (sb) 

93  - 00636263  + 0363  + c2e2  + ®3e3  (Sc) 

94  = d0®l®2®3  + dl®l  + d2®2  + d3®3  (5d) 

Obviously  g3,g2eR3°,  and  g3,g4eR31,  the  even  Clifford  algebra 
of  B°>3  and  its  complement  respectively.  Furthermore,  0t3°  is 
isomorphic  to  the  quaternion  skewfield  H. 

A straightforward  calculation  shows  that  the  conjugate 
of  g is  given  by 

9”  - 9i"  + 92~e4e0  - 93"®0  - ®494-  (6) 

Thus,  it  follows  from  proposition  A. 3. 11,  appendix  A,  that  a 
necessary  and  sufficient  condition  for  g£0<3  4°  to  belong  to 

g-g  - ±1  (7) 

This  condition  can  be  expressed,  in  terms  of  g3,g2,93 
and  g4,  as  follows 


9l*9l  " 92 '92  _ 93*93  + 94*94  " ±1  (8a) 

91*93  “ 92*94  + 93*9l  - 94*92  = 0 (8b) 

91*94  + 93*92  + 94*9l  + 92*93  =0  (80) 

91*92  - 92*91  + 93*94  * 94*93  " 0 (8d) 

The  interest  will  be  focussed  on  the  orthogonal 
automorphisms  of  R1'4  that  leave  invariant  an  orthogonal 
subspace,  of  R1'4,  orthogonally  isomorphic  to  R1' °< 3 . The 
existence  of  an  orthogonal  subspace  of  R1'4  isomorphic  to 
r1,0,3  is  clarified  by  firstly  noticing  that 

((-e0  + e4),(-e0  + e4))  =0  (9a) 

( (®o  + ®4>  < (eo  + e4))  =0  (9b) 

and  secondly  by  recognizing  that 

(-e0  + e4),(e0  + e4)e(ei, 62,63]-*-.  Therefore,  either 
[-e0  + e4]9[e1,e2,e3]  or  [e0  + e4]*[a^, 63,63]  form  an 
orthogonal  subspace  of  R1'4  isomorphic  to  R1'0'3.  The 
orthogonal  subspace  (e0  + e4]®(e1,e2,e3]  “ill  be  used  from 
here  on.  A completely  analogous  development  could  be 
performed  using  [-eg  + e4 ]® [63,63, e3] . 

An  element  gespin(l,4)  is  said  to  belong  to  the 
normal izer  of  [e0  + e4]  (Rose  [1978]),  a subgroup  of 
Spin(l,4),  if 

gxg*1e[e0  + e4]  Vx«[e0  + e4] 

Since  the  action  of  Spin(l/4)  on  R1'4  is  linear,  it  suffices 
to  test  (eg  + e4) ; viz. 

g(e0  + e4)g_1  = *i(e0  + e4)  for  some  pcR 


(10) 


that 


and  the  condition  given  by  equation  (10)  becomes 

In  terms  of  the  gx's,  this  condition  translates  into 
9l9l”  ” 9l92”  “ 929l”  + 9292“  «B 
9ig3_-9293_-939i-+g392-+9ig4_-9294"-949l-+g492_  = 1 
gig3'-g2g3'+g3gi'-g3g2"+gig4_-g2g4_+g4gi"-g4g2_  = 1 

9393~  + 9494'  + 9394'  + 9493-  = 0 

9l9l"  _ 9l92'  ' 929l~  + 9292”  6B 
(91  " 92> (93  + 94>'  “ 0 
(93  + 94)  (9i  - 92)'  = 0 
(93  ♦ 94) (93  + 94>'  = 0 

Proposition  A. 4.1,  in  appendix  A,  shows  that  equation 
is  satisfied  if,  and  only  if, 

94  = "93 

This  solution  also  satisfies  equations  (14b)  and  (14c) 
Further,  since  g1,g2eB3°,  then  gigi',g2g2'£B.  and  the 

929l'  + 9l92'eB 

Substituting  equation  (IS)  into  equations  (4)  and 


(13a) 

(13b) 


(14d) 

(14d) 


' (-93) e4 
f e4>93 


9l"9l  " 92 ”92  _ ±1 


(9l  + 92) "93  + 93-(9x  + 92)  = 0 
(91  - 92>"93  + 93'(9l  - 92)  = 0 


929l“  + 9X92'  = *9l9l'  + 9l(*«r)  = 2Xg1gj-eR 
plifies  (17)  and  (18) 

g - gx(l  + Xe0e4)  + (e0  + e4)g3 
(1  - \2)g1-g1  - ±1 
9l’93  + 93 '9l  - 0 
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is  aware  the  proof  is  new.  From  this  result,  equations  (20) 
and  (21)  can  be  further  reduced  to 

g “ gjd  + Xe0e4)  + (e0  + e4)dq1  (22) 

(1  - X2)g1"g1  = ±1  (23) 

Although  equation  (21b)  is  eliminated,  the  representation 
given  by  equations  (20)  and  (21),  and  the  representation 
given  by  equations  (22)  and  (23)  are  to  be  regarded  as 
equally  desirable. 

Equations  (22)  and  (23)  are  the  simplest  representations 
of  orthogonal  automorphisms  of  R1'4  which  leave  invariant  the 
subspace  [ ep  + e4  ] . The  additional  conditions  that  they  must 
satisfy  to  be  orthogonal  automorphisms  of  a subspace  of  Ri*4 
isomorphic  to  R1'0'3  are  now  examined  in  detail. 

Consider  an  arbitrary  element  v of  R1'4;  then 

v = a0(e0  + e4)  + a4(-e„  + e4)  + y,  (24a) 

y = a^  + a2e2  + a3e3,  (24b) 

and  the  action  of  g£Spin(l,4)nNormalizer(e0  + e4]  upon  v will 

v'  = gvg"  - [gx(l  + Xe0e4)  + (e0  + e4)dg3]v 
[(1  + Xe4e0)g1_  + gjfdfeo  + e4)J 
A lengthy  computation  yields 

v'=  [a0(l  - A^gigj*  - 2(1  - A)  (d.giygj")  - 4a4g1g1‘(d,d)  ] 
C(e0  + e4))  + a4(l  + A)2gigi"(-e0  + e4)  + (l  - X2)giygi" 
- 4a4  (1  + Alg^'d  (25) 


represent  a Euclidean  notion 


This  transformation  will 
the  orthogonal  subspace  [(-eo  +64),  e3,  e2 , 63)  if,  and  only 

(1  + X) 2gi9i-  = 1 (26a) 

(1  - X2)giygi"  - 4a4(l  + Xjgxgi-d-hyh"  + t Vye[e1,e2,e3)  (26b) 
where  heR3°  with  hh~  = 1,  and  t6(e3,  e2,  e3]  = R3. 

These  equations  coupled  with  equation  (23)  lead  to  the 
following  system  of  equations 

(1  - X2)g1g1"  = ±1  (27a) 

(1  + X2)gigi"  = 1 (27b) 

(1  - X2)gxygi"  = hyh"  with  hh"  • 1 V yclB1,e2,e3]  (27c) 
434(1  + X)gigi-d  - -t  (27d) 

It  is  easy  to  see  for  there  to  be  a solution  to  this 
system  of  equations  that 

X - 0 (28a) 

Therefore 

9l9l‘  “ 1 (28b) 

d - -t/(4a4)  (28c) 

The  final  expression  for  the  elements  that  satisfy  the 
conditions  indicated  above  is 

9 = 9i  - (e0  + e4)tg1/(4a4)  (29) 

A simple  calculation  reveals  that,  for  an  arbitrarily  fixed 
a'4  f 0,  the  set  of  these  elements  form  a subgroup  of 
Spin(l,4)nNormalizer[eo  + 64],  which  will  be  denoted  by 


Spin+(1,0,3) . It  is  claimed  here  that  this  is  the  most 
general  spin  representation  of  the  Euclidean  group  E(3). 

After  this  important  result  it  is  now  necessary  to 
determine  the  action  of  the  group  upon  the  elements  of  the 
orthogonal  space . Substituting  A = 0 into  equation  ( 25) , the 
group  action  becomes 

v-  = gvg-  - [a0  + (t,g1yg1-)/(2a4)  - (t,t)/(4a4) ) (e0  + e4) 

+ a4  (-e0  + e4>  + 9lY9l"  + t (30) 

Choosing  ag  * 0 , one  obtains  an  orthogonal  subspace  of 
K1' 4 isomorphic  to  IR1'  °' 3 , this  selection  reduces  the  group 

V = -[(t.gjygg-)  + (t,t)/2]/(2a4) (e0  + e4) 

+ a4(-e0  + e4)  + giygi-  + t (31) 

In  particular,  the  image  of 

w - 0(e0  + e4)  + a4(-e0  + e4)  + 0 

will  be 

w'  = -(t,t)/(4a4) (e0  + e4)  + a4(-e0  + e4)  + t 
At  the  outset  this  result  is  surprising  since  the  original 
vector  has  only  one  component  along  (-e0  + e4)  whilst  its 
image  has  in  general  components  along  all  the  elements  of  the 
basis  ((eg  + e4) , (-eg  + e4) , eg,  eg,  eg)  of  R3>4.  However  a 
simple  calculation  shows  that 


This  phenomenon  results  from  the  fact  that  both  (e0  + e4)  and 
( -eg  + e4)  are  isotropic  directions  of  the  orthogonal  space 
R1'4  (eqn. (9) ) . 


by 


Finally,  the  following  two  properties  of  (eg  + e4)  given 
(e0  + e4)2  = -((e0  + e4),(e0  + e4))  = 0 (eqn.(9b)) 


ei(e0  + e4)  = ”(®0  + ®4)®i  Vi-  1,2,3  (32) 

make  it  possible  to  introduce  the  dual  unit  £ (Clifford 
[1876]),  in  the  form 

« = (e0  + e4)  (33) 

with  the  properties 

e2  = 0 (34a) 

£a  = a£  V a£R3°  (34b) 

ea  = - ae  V aell^1  (34c) 

Thus  the  general  spin  representation  of  the  Euclidean 
group  can  now  be  transformed  into 

g = gi  - £tgi/(4a4)  (35) 

with  the  usual  restriction, 

9l9l_  = 1 (egn. (28b) ) 

It  is  easy  to  recognize  that  g3  represents  the  rotational 
part  of  the  mapping,  while  t is  associated  with  the 
translational  part.  In  particular,  if  the  Euclidean  motion 
represents  a rotation  of  8 degrees  around  an  axis  given  by 
the  unit  vector  fl  = u23ei  + u31e2  + u12e3,  then  gx  will  be 

9l  = C (8/2 ) + S(9/2) (u23e2e3  + u31e3e1  + u12e1e2) , (36) 
where  C{8/2)  = Cos(8/2)  and  S(e/2)  - Sin(8/2) . 

Although  equations  (35)  and  (28b)  provide,  indeed,  a 
representation  of  the  Euclidean  group,  the  identification 


given  by  (33)  does  not  preserve  the  group  action  (30) . 
Therefore  a new  group  action  will  be  required,  this  problem 
is  addressed  in  the  following  section.  Further,  equation  (33) 
is  the  first  introduction  of  the  dual  unit  e in  this  work;  a 
second  role  of  the  dual  unit  c will  be  employed  in  the 
biquaternion  representation  of  the  Euclidean  group  (see 


Section  3.4  showed  that  the  restriction  on  [ex, 63, 03]  of 
the  action  of  the  group  Spin+(1,0,3)  on  B1'4  constitutes  a 
Euclidean  motion.  Although  equation  (4.30)  of  the  group 
action  includes  the  isotropic  vectors  (eo  + e4 ) and 
(-eg  + e^) , it  is  clear  that  their  computational  importance 
is  non-existent.  Furthermore,  the  introduction  of  the  dual 
unit  e (eqn.(4.33))  did  not  preserve  the  natural  group 
action  of  the  spin  groups  over  the  orthogonal  space.  Thus,  it 
appears  natural  to  search  for  another  group  action  of 
Spin+(1,0,3)  on  [63,62,63]  exclusively;  the  new  action  is 
required  to  produce  the  same  effect  on  [63,62,63]  as  the 
original  one. 

A guideline  is  evident,  the  new  action  cannot  be  of  the 


with  ye [63,63,63] 


because  this  action  consists  only  of  successive  application 


Clifford  product  i: 


of  the  Clifford  product.  Since  the 
linear,  for  y = 0 

y'  - gOg"  - 0 

Therefore  this  action  cannot  represent  a translation. 

Consider  the  set  ( e , e^ , e2 , 63);  due  to  the  properties 
of  e (eqn. (4.34) ) , this  set  can  be  regarded  as  an  orthonormal 
basis  of  the  degenerate  space  Rl>°»3.  Then  the  mapping 

t : R3  - RJ., 0,3  l(y)  = 1 + ey  (la) 

is  evidently  injective;  hence 

t*  : R3  -*  t(R3)  l*(y)  - t (y)  VyeOt3  (lb) 

is  bijective.  Consider  the  following  action,  which  resembles 
that  proposed  by  Porteous  [1981]  and  used  by  Selig  [1986] 
eg  : Spin+(l,0,3)xR1<0(3  -»  ®i,o,3 
<*g(Y>  “ (9l  " «tgi/(4a4)][l  + cy] [gi"  - ega-t/(4a4)] 

- 1 + e[g1yg1-  - t/(2a4)]  (2) 

Therefore 

(l*)_lOgl*(y)  : R3  - R3  y’  = giygi"  - t/(2a4)  (3) 

will  be  a Euclidean  motion  if,  and  only  if, 

-t/(2a4)  = t (4) 

this  condition  requires  a4  = -1/2.  Thus,  for  this  specific 
group  action,  the  representation  of  the  Euclidean  group  is 

g - gi  + «tgi/2  (5) 

Using  this  result,  the  group  action  transforms  into 

(l*)-1agt»(y)  : R3  - R3  y.'  “ giygi-  + t (6) 

This  is  precisely  the  action  proposed  by  Porteous  and  used  by 
Selig.  However,  the  particular  value  of  a4  depends  upon  the 


ippings 


napping  t : R3 


certainly 


3.6  Invariants  of  the  Representation  of  the  Euclidean  Group 
The  invariants  associated  with  the  representation  of  the 
Euclidean  group  will  be  now  indicated. 

its  equivalent  equation  (4.35),  is  used,  the  unique 
representation  invariant  is 

9l9l"  = 1 (eqn. (4.28b)) 

equations  (4.20),  and  (4.21),  the  substitution  of  (4.28a) 
leads  to 

g = gx  + (e0  + e^g*  (la) 

and  the  substitution  of  (4.33)  finishes  the  transformation 

g - gj.  + «gs  (u>) 

with  the  conditions 

gigi"  = 1 (eqn. (4.28b)) 

gi"g3  + g3-gi  = 0 (eqn. (4.21b)) 

Hence,  the  invariants  of  this  representation  are  precisely 
those  given  by  (4.28b),  and  (4.21b). 


1 = 91  - <e0  + e4)tgi/(4a4)  (eqn.(4.29)) 

where  gi<R3°  with  gigi-  - 1,  teR3,  and  a4eR  with  a4  j*  0. 


= a0e$  + aie2e3  + a2e3ei  + a3e]e2,  (2) 


tgi  = c0eie2e3  + Cjej.  + c2e2  + c3e3,  (3) 


However, 


<=1  - aoti  + a3t2  - a2t3 
c2  - -a3t1  + a0t2  + axt3 
c3  - a2t3  - axt2  + a0t3 
c0  = a1t1  + a2t2  + a3t3 


<=3el«2  - -(t1e2e3  + t2e3ei  + t3e1e2) 

(a0®4»  + ale2e3  + a2e3el  + a3ele2>  (6) 


fi  : R3  - IH  3 R30  <J(t)  = fl(tiei  + t2e2  + t3e3) 


lit! 


<3  = 9l  + (< 


e4)e1e2e3t*gi/(4a4) 


[(So  + 64)636363] 2 = 0 


(9a) 


( (eo  + e4>e1e2e3]ei  = -ej_[(e0  + €4)636263]  V 
it  is  possible  to  introduce  the  substitution 

« " [ (e0  + 64)636263] 

with  the  usual  properties 


- 1,2,3,  (9b) 


(10) 


(eqn. (4.34a)) 
(eqn. (4.34b) ) 
(eqn. (4.34c)) 


Then  the  representation  of  the  Euclidean  group  will  be 

g = gi  + «t*gi/(4a4)  (11) 


9l9l“  “ 1 (eqn. (4.28b) ) 

This  expression  can  be  regarded  as  a generalized 
biquaternion  representation,  and  it  exhibits  the  second  role 
played,  in  this  work,  by  the  dual  unit  e.  It  can  be  easily 
proved  that  the  set  of  elements  of  the  form  given  by  equation 
(8)  together  with  the  Clifford  product  forms  a group. 
Certainly,  the  same  is  true  for  the  set  of  elements  of  the 
form  given  by  equation  (11) , but  because  of  the  introduction 
of  the  dual  unit,  the  Clifford  product  becomes  the  usual 
biquaternion  product  (also  called  the  dual  quaternion 
product,  Vang  [1963]).  The  set  of  all  elements  of  the  form 

g = I13  + ch2  where  113, h2  « R30  = K (12) 


is  correctly  called  the  ring  of  biquaternions  or  dual 
quaternions  and  is  denoted  here  by  2W. 

Certainly  the  biquaternion  representation,  given  by 
equation  (11) , can  be  used  to  obtain  the  image  of  any  point, 
of  the  Euclidean  space,  under  a Euclidean  mapping. 
Consequently,  the  biquaternion  representation  provides  a 
representation  of  the  Euclidean  group  in  the  extended  sense 

Consider  the  mapping 

l : R3  - l(y)  - UYxBl  * *2e2  * y3e3> 

- 1 + 6<yie2e3  + y2e3e1  + y3eie2) 

- 1 + ey*  (13) 

Evidently  the  map  is  injective,-  hence 

l*  : R3  - l (R3)  l*(y)  = l (y)  V yeR3 

is  bijective.  Consider  the  action 

ag  : 2W  - 2H 

<*g(y)  = [gi  + et*g1/(4a4)](l  + ey»)  [gj"  + eg1“t*/(4a4)] 

- 1 + e[9iy*gi-  + t*/(2a4) ] • (14) 

then  the  mapping 

(l*)-1Cgt*(y)  : R3  - R3  y'  = giygj.-  + t/(2a4)  (IS) 

is  a Euclidean  mapping  if,  and  only  if, 

V(2«4)  - t (16) 

This  condition  requires  that  a4  = 1/2.  Thus,  for  this 
specific  group  action,  the  representation  of  the  Euclidean 


gj.  + «(t*g1)/2 


(17) 


Again,  it  is  necessary  to  realize  that  this  particular 
value  of  a4  depends  upon  the  injection  £ : R3  - 2H,  and  other 
injections  are  certainly  possible. 

Of  course,  if  the  starting  point  of  this  analysis  is  the 
representation  given  by 

g = gi  + (e0  + e4)g3  <eqn.(6.1a)) 

Si'll'  =1  (eqn. (4.28b)) 

®l”*3  + 93'9l  " °<  (eqn. (4.21b)) 

then,  following  the  same  procedure,  and  introducing  the  dual 
unit  (eqn. (10)),  the  representation  can  be  written  as 
9 = 9l  + [(bo  + e4>ele2e3Hele2e393> 

“ 9l  + e(eje2e3g3)  (18) 

Since  g3,  e3e2e3eR3l,  then  e1e2e3g3£R3°  = IH.  Calling 

93*  = ele2e393  (19) 

the  representation  becomes 

g = gi  + eg3*  (20) 

9l9l“  = 1 (eqn. (4.28b)) 

and 

9l_93*  + 93*"gi  = 0 (11) 

These  equations  constitute  the  foundations  of  the 
kinematic  mapping  proposed  by  Ravani  and  Roth  [1984],  which 
associates  a Euclidean  mapping  with  a point  of  the  dual 
four-dimensional  sphere . 


3.8  His,  Representation  of  the  Induced  Line  Transformation 

Throughout  this  study,  the  Euclidean  space  has  been 
considered  as  an  aggregate  of  points  satisfying  certain 
properties;  accordingly,  the  Euclidean  group  was  considered 
as  a group  of  transformations  acting  upon  this  aggregate  of 
points.  This  point  of  view  is  not  unique,  and  no  claim  is 
made  that  it  is  the  most  appropriate  for  the  study  of  spatial 
kinematics. 

Since  the  middle  of  last  century  (Klein  [1939],  Giering 
[1982]),  it  was  well  known  that  the  Euclidean  space  can  be 
deemed  as  a collection  of  straight  lines  (or  even  a 
collection  of  planes,  a possibility  which  will  not  be 
considered  here) . It  is  useful  to  let  the  Euclidean  group  act 
upon  this  set  of  lines,  and  to  investigate  its  effects  on  the 

Following  the  fundamentals  of  chapter  2,  a straight  line 
passing  through  two  points,  M and  N,  of  the  Euclidean  space 
is  defined  as 

MN  = (PeE  | 6 (P,M)  - X«(N,M)  for  some  XeR)  (1) 

This  definition  exhibits  the  two  characteristics  of  a line  in 
the  Euclidean  space,  a point  M lying  on  the  line,  and  a 
vector  tf( M,N)  directed  along  the  line. 

Choosing  a length  scale  and  a reference  system,  with 
origin  0,  one  obtains 

y = 6 (M, 0)  and  w - «(N,M)  where  y,w«R3  (2) 
Then  it  is  possible  to  define  the  six-dimensional  vector 


p = (w,  wxy)  (3) 

where  x stands  for  the  usual  vector  product.  Since  any  other 
vector  w'  = pw,  for  some  non-zero  peR,  also  lies  along  the 
same  line,  it  is  possible  to  use 

pp  = (pw,  pwxy)  (4) 

It  can  be  proved  that  there  is  a bijective 
correspondence  between  the  collection  of  sets  of 
six-dimensional  vectors  given  by  equation  (4),  and  the  lines 
of  the  Euclidean  space.  Therefore,  for  a given  p = (w,wxy) , 
the  set  pp  ■ (pp  | for  some  nonzero  peR)  is  called  the 
homogeneous  Plucker  coordinates  of  the  line  represented  by  p. 

McCarthy  [19861;]  shows  that  when  a Euclidean  mapping 
given  by 


(5) 


acts  on  the  Euclidean  space,  the  Plucker  coordinates  of 
image  of  p = (w,wxy)  are 


r stands  for  the  skew-symmetric  matrix  representing  the 
three-dimensional  vector  product;  viz. 


The  transformation  given  by  equation  6 is  usually 
referred  as  the  induced — by  a Euclidean  motion — line 


transformation  (Klein  [1939]).  Using  these  fundamental 
results,  McCarthy  reformulates  the  equation  into  a 
three-dimensional  dual-matrix  equation,  and  uses  this 
dual-matrix  form  to  provide  another  illustration  of  the 
closure  equation  for  spatial  mechanisms. 

Zn  what  follows,  it  will  be  shown  that  these  rather 
cumbersome  representations  of  the  induced  line  transformation 
are  unnecessary.  In  fact,  the  same  representation,  of  the 
Euclidean  group,  can  be  employed  regardless  of  whether  the 
action  of  the  group  is  upon  points  or  lines.  This  result  is 
overlooked  in  the  literature  on  kinematics. 

Let  y = 6 (M,0) , and  z = «(N,0) ; then  the  Plucker 
coordinates  of  the  line  passing  through  M and  N are,  in  terms 
of  the  Clifford  algebra  IR3,  given  by 

p - (y  - z)  + (zy  - yz)/2,  (8) 

where  juxtaposition  symbolizes  the  Clifford  product.  Let  L3 
represent  the  set  of  all  lines  of  the  Euclidean  space,  and 
consider  the  mapping 

Up)  - U(y  - *>  + (*y  - y*)/2]  - (y  - *)  + «(*y  - y*)/2  <s>) 

Ostensibly,  the  mapping  is  injective;  hence 

t*  : L3  - t (L3)  with  l*(p)  = t(p)  VpeLrj 
is  a bijection.  Then  consider  the  action 


ag  = E(3)xt*(L3)  - t*(L3) 

«g(t*(P))  - C9i  + (tgx/2)«]((y  - z)  + [{zy  -yz)/2]«) 
t9l"  - (9l“V2)«J 

- 9x(y  - *)gi"  + e(gi(zy  - y*)gi' 

+ t[gx(y  - zjgx")  - [g3(y  - z)gx-]t)/2 
Finally,  the  induced  line  transformation  is  given  by 
: L3  - L3 

i*-1Ogt*(p)  - g3(y  - *)gx"  + e(gx(zy  - yz)gx" 

+ tcgx(y  - z)gx“]  - [gx(y  - z)gx~]t)/2 


n of  the  Euclidean  Group 
s the  last  century  (Ball  [19 


that  a Euclidea 


therefore  the  pitch  of  the  screw — the  ratio  of  the  magnitude 
of  this  component  to  the  rotation  angle — is  not  a Euclidean 


a = Unit  vector  associated  to  the  rotation  axis,  such 
that  the  rotation  is  perceived,  from  the  tip  of  Q, 
as  counterclockwise.  If  e = 0,  according  to  this 
rule,  a is  undefined;  in  this  case,  a must  lie  along 
the  translation  vector. 

r = Perpendicular  vector  from  the  origin  of  the 

reference  system  to  the  line  associated  to  the  screw 

(r.a  - 0). 

d « Magnitude  of  the  component  of  the  translation  vector 
along  the  axis  of  rotation.  If  6 = 0,  da  is  the 
total  translation  vector. 

This  ordering  separates  those  screw  parameters  which  are 
indeed  Euclidean  invariants  (6, a),  from  those  which  depend 
upon  the  selection  of  the  reference  system  (r,d) . The 
restrictions  on  e and  a aim  to  avoid  any  multiplicity  of  the 
representation.  This  idea  was  outlined,  for  the  pure 
rotation  case,  by  Altmann  [1986]. 

The  set  of  all  tetrads  (e,  a,  r,  d)  satisfying  the 
condition  given  in  the  definition  above  is  denoted  by  S. 

From  what  has  been  pointed  out,  it  follows  that  the  mapping 
E : E (3)  - S E (+)  - (0,  3,  r,  d)  = $ (2) 

is  a bijection.  This  bijection  permits  to  furnish  the  set  S 
with  a group  structure,  according  to  the  rule 

$21  = $2  $1  = S[£_1($2)  E-1($l>]  (3) 

This  rule  assigns  to  $2  Si  the  screw  of  the  element  of 


Here,  the  problem  will  be  posed  as  follows:  Given 
$1  - (Si,  fllt  r1(  d!),  and  $2  - (e2,  a2,  r2,  d2) , find 
equations  that  provide  $2i  - (e21,  ilj i , r2^ , d2i)  in  terms  of 
$2  and  $2.  Moreover,  the  problem  will  be  solved  within  the 
realm  of  the  Clifford  algebra  IR3. 

The  results  obtained  in  section  2.9,  concerning  the 
semi-direct  structure  of  the  Euclidean  group  with  the 
rotation  as  the  direct  part,  indicate  that  the  parameters 
related  to  the  rotation  (©33,  Q2i)  are  independent  of  the 
parameters  related  to  the  translation.  Therefore,  they  must 
be  calculated  first. 

Let  Q3  =*  Kie^  + X2e2  + ^63,  and  fl2  = >i 363  + >i2e2  + (1363 
be  the  unit  vectors  associated  to  the  rotation  axes;  then  the 
elements  of  R30  = IH  representing  the  rotations  are 

gi  = Cl  + Sl(Xle2e3  + X2e3el  + ^3ele2)  (4a) 

g2  - C2  + S2(|i3e2e3  + >126363  + >136363),  (4b) 

where  Ci  = Cos(0i/2),  and  Si  = Sin (03/2 ) ; therefore,  the 
element  representing  the  composite  rotation  is 
921  = 9291  = (C2C1  - S2S1  (X1>i1  + X2)i2  * X3M3) ) 

+ e2e3[S2Cl|i3  + C2SIX3  + S2S1  (»2X3  - >>3X3)  ] 

+ e3ei[S2Cl>i2  + C2S1X2  + S2SIO13X1  - 03X3) ] 

+ e3e2[S2Cl>l3  + C2S1X3  + S2S1(>11X2  - >13X3)  ) (5) 

From  equation  (5) , it  follows  that  the  angle  of  the 
composite  rotation  satisfies 

C21  = C2C1  - S2S1  (X3P3  + X2>12  + X3H3)  (6) 


Since  by  restriction  0 £ 621  £ t,  the  sine  of  the  angle  must 
be  positive;  hence 

S21  - [1  - (C21)2]*  (7) 

and  the  unit  vector  associated  to  the  composite  rotation  is 
Q21  = <eitS2Clp1  + C2S1*!  + S2Sl(p2A3  * (*3*2>  1 
+ e2[S2Clp2  + C2S1X2  + S2Sl(p3X1  - Ml*3) ] 

+ e3(S2Clp3  + C2S1X3  + S2S1(/11X2  - H2\1)  ] 1/S21  (S) 

The  calculation  of  the  parameters  related  to  the 
translation  basically  involves  the  reconstruction,  from  the 
screw  parameters,  of  the  translation  vector  associated  with 
the  origin  of  the  reference  system,  followed  by  the 
calculation  of  the  corresponding  vector  of  the  composite 
motion,  and  a final  decomposition. 

A simple  calculation  shows  that  the  translation  of  the 
origin  of  the  reference  system  due  to  the  motion  represented 
by  and  $2  are 

tx  = r3  - gjrjgj"  + djttj  (9a) 

t2  - r2  - g2r2g2"  + d2a2  (9b) 

Thus  the  translation  vector  of  the  origin  of  the  reference 
system  under  the  composite  motion  is 

*21  = 92lrl  " 9lrl9l'  + d1fl1]g2_  + r2  - g2r2g2-  + d202  (10) 

From  equation  (10) , the  components  of  the  translation 
vector  along  the  rotation  axis  and  perpendicular  to  it  are 

d2l°2l  ” (*2l  + d21*21d2l)/2  (Ha) 

*21"L  “ (*21  - d21*2l02l)/2  Cllb> 


Finally,  the  perpendicular  vector  from  the  origin  of  the 
reference  system  to  the  screw  axis  is  obtained  from 

*21X  ■ r21  - *>21*21921"  <12a) 

Preraultiplying  by  g2i",  and  postmultiplying  by  g2i,  equation 
(12a)  becomes 

92l"t21X921  = 92l"*2l921  “ *21  (12b) 

since  r2i  is  perpendicular  to  the  rotation  axis  associated 
with  g2i,  one  obtains 

921*21921"  = r21Cos821  + w (13a) 


92l"*2l921  = r2iCose21  - w (13b) 

with  we[r2i,  021]-1-. 

The  substitution  of  equations  (13a)  and  (13b)  into  (12a) 
and  (12b)  yields 

t2ix  = r2i(l  - Cose21)  + w (14a) 


92l"t2ix921  = -*2l(l  “ CosB2i)  + w (14b) 

Subtracting  equation  (14b)  from  (14a),  and  solving  for  r2i, 
one  obtains 

*21  “ (t21X  “ 92l"t21X92l)/(2(l  - COS021))  (15) 

These  equations  provide  the  composition  laws  for  the 
group  of  tetrads  of  quantities  representing  the  screws.  Of 
course,  if  the  reference  system  is  selected  such  that  the 
origin  is  located  on  one  of  the  axes  of  the  composing  screws, 
these  equations  collapse  to  those 
triangle. 


provided  by 


CHAPTER  4 

THE  EUCLIDEAN  GROUP  AS  A LIE 

Thus  far,  this  thesis  has  dealt  exclusively  with  the 
algebraic  aspects  of  the  Euclidean  group  and  its  action  upon 
the  Euclidean  space.  In  this  chapter  the  topological  and 
metrical  characteristics  of  the  Euclidean  group  will  evolve 
when  the  group  is  regarded  as  a Lie  Group. 

It  is  important  to  recognize  that  there  is  an  algebra 
associated  with  every  Lie  group.  In  the  case  of  the  Euclidean 
group,  this  algebra  will  be  identified  with  the  algebra  of 
infinitesimal  screws  or  screws  for  short.  Furthermore,  this 
algebra  is  endowed  with  symmetric  bilinear  forms  which 
remain  invariant  under  the  action  of  the  group  into  itself. 
This  property  provides  the  Euclidean  group  with  the  structure 
of  a semi-Riemmanian  manifold  with  a hyperbolic  metric 

Even  though  the  theory  of  Lie  groups,  differential 
manifolds  and  Riemannian  geometry  is  relatively  recent,  the 
wealth  of  information  it  yields  is  extraordinary.  It  is 
therefore  not  possible  here  to  give  details  of  all  the 
background  material.  Reference  is  however  made  to  the 
standard  works  in  the  relevant  subjects. 


Definition  1.  A Lie  group  G (Boothby  [1975))  is  an 
algebraic  group  which  simultaneously  is  a differentiable 
manifold,  and  such  that  the  mappings 


g - g g - g-1  (2) 

are  differentiable  mappings. 

A differentiable  manifold  is,  loosely  speaking,  a set 
with  sufficient  topological  structure  that  permits  the 
development  of. a differential  calculus  on  the  set.  A formal 
definition  is  provided  below  (Boothby  [1975]). 

Definition  2.  A differentiable  manifold  M is  a Hausdorff 
space  with  a countable  basis  of  open  sets,  such  that  each 
point  of  M has  a neighborhood  homeoroorphic  to  an  open  set  of 
Rn.  Each  pair  (U,«),  where  0 is  an  open  set  of  H and  4 is  a 
homeomorphism  of  0 to  an  open  set  of  Rn,  is  called  a 
coordinate  neighborhood.  In  addition,  the  differentiable 
manifold  must  have  a family  H - ((Ua,*Q))  of  coordinate 
neighborhoods  such  that 

1.  The  Ua  form  a covering  of  H, 

2.  For  any  a,p  the  coordinate  neighborhoods  are 
compatible;  viz.  either  UQnU^  = $,  or  the  mappings 

: Rn  -•  Rn  and  : Bn  - 

are  diffeomorphisms, 


3.  If  a coordinate  neighborhood  (V,+)  is  compatible  with 
every  0Ja, ♦<,)£*,  then  (V,+)e». 

In  order  to  prove  that  the  Euclidean  group  E(3)  is  a Lie 
group,  perhaps,  the  best  approach  (Belinfante  and  Kolman 
[1972])  is  to  consider  firstly  the  general  linear  group 
GL(n) , which  is  the  group  of  all  non-singular  nxn  real 
matrices.  This  group  is  a manifold  since  the  n2  entries  of  an 
arbitrary  matrix  can  be  used  as  the  image  of  an  element  of 
GL(n)  under  a homeomorphism  from  GL(n)  to  Rnxn.  Furthermore, 
since  the  determinant  function  is  continuous,  the  elements  of 
the  group  GL(n)  form  an  open  subset.  Moreover,  the  entries  of 
a product  of  matrices  are  polynomials  in  the  entries  of  the 
factors;  whilst  the  entries  of  the  inverse  of  a matrix  are 
rational  functions  of  the  entries  of  the  original  matrix. 
Thus,  the  functions  are  analytical  and  therefore 
differentiable.  Hence,  GL(n)  is  a Lie  group. 

The  final  step  is  to  make  use  of  a result  (Warner 
[1983])  which  states  that  closed  algebraic  subgroups  of  a Lie 
group  are  Lie  subgroups.  It  has  already  been  shown  (see 
section  3.3)  that  E(3)  = S0+(l,0,3)  is  a subgroup  of  GL(4) , 
and  that  the  conditions  imposed  on  E(3)  produce  a closed 
subset  of  GL(4) . Hence,  the  result  proves  that  E(3)  is  a Lie 


4.2  The  Lie  Algebra  of  the  Euclidean  Group 

An  important  property  of  Lie  groups  is  the  existence  of 
an  algebra  of  vector  fields  defined  on  the  group,  which  is 
isomorphic  to  an  algebra  of  tangent  vectors  belonging  to  the 
tangent  space  at  the  identity  element  (O'Neill  [1983]).  Since 
both  algebras  are  isomorphic,  any  one  of  them  is  referred  as 
the  Lie  algebra  of  the  corresponding  Lie  group.  If  G is  a Lie 
group,  it  is  customary  to  represent  its  Lie  algebra  by  p.  In 
particular,  the  Lie  algebra  of  the  euclidean  group  E(3)  is 
represented  by  e(3) . 

Here  an  explicit  representation  of  e(3)  is  provided.  Of 
course  this  representation  can  be  obtained  using  anyone  of 
the  representations  of  the  Euclidean  group  given  in  chapter  3 
(Karger  and  Novdk  [1985]).  Nonetheless,  the  spin 
representation  is  used  here.  An  advantage  of  using  this 
Clifford  algebra  based  representation  is  that  Clifford 
algebra  is  robust  enough  to  handle  concisely  algebraic 
manipulations  of  the  new  algebra  e(3)  without  having  to 
resort  to  a new  algebraic  structure. 

Let  an  arbitrary  motion  of  a rigid  body  be  given  by 

g = gi  + etgi/2  (eqn.  (3.5.5)) 

where  g,  glf  and  t are  functions  of  time;  it  was  previously 
shown  that  g^  can  be  expressed  in  the  form 

gi=C(e/2)+S(9/2)  (U23e2e3  + >>3x636!  + u12e1a2)  (eqn.  (3.4.36)) 
u232  + »312  + u122  = J.  (la) 


and  t is  given  by 

t - tjB!  + t2e2  + t3e3  (lb) 

If  g represents  the  identity  mapping  l in  the  Euclidean 
group,  then  e = 0";  thus  g3  = 1,  and  t - 0,  with 
u - u23e2e3  + u33e3e3  + u32e3e2  unitary  but  otherwise 
unrestricted . 

The  derivative  of  the  motion,  represented  by  g,  at  the 
identity  1 of  the  Euclidean  group  is  given  by 

9(1)  = 9i(t)  - e[t(t)gx(t)  + tfljgxfi)]^  (2) 

where  ' indicates  the  derivative  with  respect  to  time,  since 
9l  “ 9(S(9/2))/2  + 9(C(9/2) ) (u23e2e3  + u31e3e3  + u12e1e2)/2 
+ S (9/2 ) (u23e2e3  + u31e3e3  + u12e3e2)  (3a) 

t = tlSl  + t2e2  + t3e3,  (3b) 

9l(t)  = 9(1) (u23e2e3  + u31e3e1  + u12e3e2)/2  (4a) 

t(l)  = tiftjex  + t2(t)e2  + t3(i)e3  (4b) 

Hence,  finally 

g(t)  - 9(t) (u23e2e3  + u31e3ex  + u12exe2)/2 

- eftxCijex  + t2(t)e2  + t3(t)e3)/2  (5) 

Incorporating  the  scalar  terms  into  the  components  of 
the  vector,  the  tangent  space  at  the  identity — i.e.  the 
collection  of  the  derivatives  evaluated  at  the  identity  of 
all  possible  motions — will  be 


e(3)  = (p  = p + «p*  | p ■=  Poie2e3  + P02e3el  + P03eie2 

and  p*  = p23*l  + p3ie2  + Pi2e3  with  PijeR)  (6) 

The  selection  of  the  suffixes  conveys  the  close  relationship 
between  e(3)  and  the  theory  of  screws  with  its 
characteristic  screw  coordinates.  However,  it  is  important  to 
recognize  that  it  reverses  the  suffixes  suggested  by  equation 
(S). 

It  can  be  proved  that  e(3)  form  a real  vector  space 
under  the  operations 

p + q - (p  + «p*)  + <q  + «q*)  - (p  + q)  + «(p*  + q*)  (7a) 

Xp  = A(p  + ep*>  = (Xp)  + e(Xp*),  (7b) 

where  the  addition  and  scalar  multiplication  on  the  right 
hand  side  are  the  usual  componentwise  addition  and  scalar 
multiplication  in  the  respective  vector  spaces.  Although  the 
algebraic  definition  of  the  operation  is  deceptively  simple, 
the  approach  following  the  theory  of  manifolds  is  a little 
more  complicated  (Boothby  [1975],  O'Neill  [1983]). 
Furthermore,  the  vector  space  e(3)  forms  an  algebra  under  the 
following  operation 

[p  q]  ■ (p  + ep*) (q  + «q*)  - (q  + «q*) (p  + *p*) 

= (pq  - qp)  + «[<pq*  - q*p>  - (qp*  - p*q)l  (») 
where  the  products  in  the  right  hand  side  of  the  equation 
represent  the  Clifford  product  as  indicated  in  section  3.4. 
The  algebraic  closure  of  the  set  e(3)  under  this  product  is 
guaranteed  firstly  because  p,q€R3°,  and  R3°  is  a subalgebra 


of  Ut3 , and  secondly  because  proposition  A. 4. 4,  in  the 
appendix  A,  assures  that  (pq*  - q*p)  - (qp*  - p*q) «R3  C Rj1. 
Again,  the  closure  proof  from  the  standpoint  of  manifold 
theory  is  more  complicated.  This  product  is  closely  related 

[1947],  Dimentberg  [1965],  Duffy  (1985)). 

Furthermore,  the  product  [p  q]  satisfies  the  following 


[P  P]  = (PP  - PP)  + 4[(PP*  “ P*P)  - (PP*  - P*P>)  = 0 (9a) 

2.  Bilinear 

[ (MxP  + P21!)  r)  - (PlP  + P2l>r  " r(P IP  + P2l) 

- Pi(pr  - rp)  + P2(qr  - rq) 

- PltP  r]  + (i2tq  h (9b) 

[r  (MiP  + p2q)]  = r(»»iP  + P2q)  - (MjP  + P 2q)r 

= P i(rp  - pr)  + p2  (rq  - qr) 

- Pit*  P)  + P 2(r  q]  (9C) 

3.  Anti-commutative 
From  the  identity 

0 - [p+q  p+q)  - [p  p+q] •+  [q  p+q] 

- (p  p]  + (p  q)  + (q  p)  + (q  q)  = (p  q)  + (q  p) 

[p  q]  = -[q  p]  (9d) 


4 . Jacobi  identity 

IP  [q  r]  ] + [q  [r  p]  ] + [r  [p  q]  ] = 

p(qr  - rq)  - (qr  - rq)p  + q(rp  -pr) 

- (rp  -pr)q  + r(pq  -qp)  - (pq  -qp)r  - 0 (9e) 

Therefore  the  algebra  defined  on  e(3)  is  a Lie  algebra 
and  the  product  in  this  algebra  is  also  known  as  the  Lie 
bracket  (Warner  [1983],  O’Neill  [1983]). 

There  is  a close  relationship  between  a Lie  group  and 
its  Lie  algebra.  Many  results  about  Lie  groups  can  be  proved 
via  their  Lie  algebras  and  conversely.  For  instance,  there  is 
a one-to-one  correspondence  between  the  subalgebras  and 
ideals  of  a Lie  algebra  on  the  one  hand  and  the  subgroups  and 

In  particular,  it  was  shown  (see  chapter  2)  that  the  set 
of  translations  forms  an  abelian  normal  subgroup  of  E(3), 
which  produces  an  abelian  ideal  of  the  Lie  algebra  e(3),  and 
it  is  denoted  by  t(3).  Similarly,  the  subgroup  of  the 
rotations  around  an  arbitrary  fixed  point  produces  a 
subalgebra  of  e(3)  denoted  by  so(3) . Furthermore,  since  t (3 ) 
is  abelian,  then 

[ti  t2]  - 0 V t1(t2«t(3) 

Thus  t(3)  is  a solvable  ideal  (Sattinger  and  Weaver  [1986]). 
It  can  be  shown  that  t(3)  is  the  maximal 'solvable  ideal  of 
e(3),  such  an  ideal  is  known  as  the  radical  (Herstein 


[1968]).  Since  t(3)  is  a proper  ideal  of  e(3),  e(3)  itself  is 
not  solvable. 

An  algebra  is  said  to  be  semi-simple  if  it  contains  no 
abelian  ideals  (other  than  {0}).  It  can  be  shown  that  this  is 
the  case  for  so(3) . On  the  other  hand,  since  t(3)  is  an 
abelian  ideal  of  e(3),  e(3)  itself  is  not  semi-simple. 

Finally,  the  Levi  decomposition  (Sattinger  and  Weaver 
[1986])  shows  that  any  Lie  algebra  is  the  semi-direct  product 
of  its  radical  and  a semi-simple  subalgebra.  In  the  case  of 
e(3)  this  semi-simple  subalgebra  is  so(3) . These  results 
complete  the  analogy  between  the  structure  of  E(3)  as  a Lie 
group  and  e(3)  as  a Lie  algebra. 

4.3  The  Adjoint  Representation  of  the  Euclidean  Group 
mapping 

*g  : G - G +g(x)  = gxg-1  VxeG  (l) 

is  a group  isomorphism  called  the  conjugation  by  g. 

Conjugation  has  the  property  that 

+g(e)  = geg-1  = gg-1  = e VgeG  (2) 

Thus,  the  identity  element  is  invariant  under  conjugation. 
Furthermore,  if  G is  a Lie  group,  the  mapping  + g is  a 
diffeomorphism;  hence  its  differential  map  (Boothby  [1975]) 
maps  bijectively  the  tangent  space  at  the  identity,  9,  into 


proved  (Karger 


[1985]) 


differential  mapping  of  4>g  in  the  Euclidean  group,  denoted 
d^g,  is  given  by 

d+g  : e(3)  - e(3)  d+g(p)  = gpg*1  V p«e(3)  V geE(3)  (3) 
Developing  this  expression  in  terms  of  the  Clifford  algebra, 
one  obtains 

d*g(P)  = d+g(p  + ep*)  = g(p  + ep*)g_1 

“ [91  + etgj/2] (p  + ep*) [gj-  - egj-t/2] 

- gipgi"  + e(gip*gi"  + [tgipgj.-  - giPgi_t)/2] ) (4) 
The  map  d+g  is  usually  referred  to  as  the  adjoint  map  of 
g,  and  it  is  denoted  by  Adg.  Consider  now  the  mapping 

Ad  : E (3)  - L[e(3) ] Ad(g)  = Adg,  (5) 

where  L[e(3) ] represents  the  set  of  all  linear  automorphisms 
of  e(3)  into  itself.  It  can  be  proved  that  L[e(3))  has  a Lie 
algebra  structure  where  the  product  is  the  commutator.  In 
what  follows,  it  will  be  shown  that  Ad  is  a group 
homomorphism;  hence  Ad  is  a representation  of  the  Euclidean 

Let  pee(3)  be  arbitrary,  then 

[Ad(g*g) ] (p)  = (g*g) (p) (g*g)_1  - g*(gpg-1)g*_1 

= g*[Adg(p)]g*"1  = Adg»[Adg(p)] 

Therefore 

Ad(g*g)  = Ad(g*)Ad(g)  (6) 

Furthermore 

[Ad(l ) ] (p)  = lpl  = p 


r«(3> 


(7) 


Ad(t)  - X 

Accordingly,  the  mapping  Ad  : E(3)  -*  L[e(3) ] is  indeed  a 
group  representation  of  the  Euclidean  group,  and  it  is  called 
the  adjoint  representation. 

It  is  important  to  notice  that  since  the  adjoint 
representation  acts  on  the  tangent  vectors  at  the  identity, 
this  representation  requires  an  interplay  between  the 
algebraic  and  topologic  structures  of  the  Euclidean  group, 
regarded  as  a Lie  group.  Consequently,  the  adjoint 
representation  could  not  have  been  devised  based  solely  on 
the  algebraic  arguments  of  the  previous  chapter. 

4.4  The  Euclidean  Sroup  as  a Semi-Riemannian  Manifold 

In  this  section  the  Euclidean  group  is  endowed  with  the 
structure  of  a semi-Riemannian  manifold.  The  usual  procedure 
(O'Neill  [1983])  is  to  provide  a bi-invariant  metric  in  the 
Lie  algebra  of  vector  fields  defined  on  the  group.  It  has 
been  already  mentioned  that  this  algebra  of  vector  fields  is 
isomorphic  to  the  Lie  algebra  of  tangent  vectors  at  the  group 
identity.  The  following  development  makes  use  of  both 
interpretations . 

The  first  step  consists  of  endowing  the  algebra  of 
vector  fields  with  a metric  tensor  that  is  invariant  under 
left  multiplication  by  an  arbitrary  element  of  the  Euclidean 
group.  Such  a metric  is  called  a left-invariant  metric. 
O'Neill  [1983]  shows  that  a left-invariant  metric  on  the 


algebra  of  vector  fields  is  equivalent  to  a symmetric 
bilinear  form  defined  upon  p.  Furthermore,  O'Neill  [1983] 
proves  that  a left-invariant  metric  in  a Lie  group  is 
right-invariant  (hence  bi-invariant)  if,  and  only  if,  the 
metric  is  invariant  under  the  action  of  the  adjoint 
representation  of  the  group  G;  i.e.  Ad (G) -invariant,  or 
equivalently1 

(Adgx,Adgy)  = (gxg_1,gyg_1)  = (x,y)  Vx,ye»  VgeG  (1) 

In  what  follows,  it  is  shown  that  the  Killing  form  and 
the  Klein  form,  also  known  as  the  reciprocal  product  of 
screws  (Karger  and  Novak  [1985]),  are  symmetric  bilinear 
forms  upon  the  vector  space  of  tangent  vectors  at  the 
identity  of  the  Euclidean  group.  Moreover,  they  are 
Ad(E(3) )— invariant;  hence  they  can  be  used  as  bi-invariant 
metrics  in  the  process  of  furnishing  E(3)  with  a 
semi-Riemannian  manifold  structure.  The  proof  uses  the 
Clifford  algebra  R1i0j3. 

Let  p = p + ep* , and  q = q + eq*  be  arbitrary  elements 
of  e(3);  then  the  Killing  form  is  defined  by  (Belinfante  and 
Kolman[1972)) 

Ki(P,q)  - Poiloi  + P02<J02  + = ~(Pq  + qP)/2.  (2) 

and  the  Klein  form  is  defined  by  (Karger  and  NovAk  [1985]) 
Kl(P,q)  = Poiq23  + P02'331  * P03<Jl2  + P23101  + P3ll02  * Pl2^03 
= e1e2e3[(pq*  + q*p)  + (qp*  + p*q) ] (3) 


iThe  concept  of  invariance  under  the  adjoint 
representation  is  examined  in  the  Appendix  8. 


s,  denoting 


T = 2[-Ki(p,q)  + eeiejjesKMp.q)) 

= (pq  + gp)  + « [ (pg*  + q*p)  + (qp*  + p*q) ] 


the  action  of  Adg  upon  T,  for  an  arbitrary  geE(3),  is  given 
by 

Adg(T)  - Adg(pq  + qp)  = (gpg-1) (gqg-1)  + (gqg-1) (gpg-1) 

= g(pq  + qp)g-1  = gTg-1  (5) 

Thus,  T will  be  Ad (E(3 )) -invariant  if,  and  only  if,  T 
commutes  with  every  geE(3).  A lengthy  but  uninteresting 
computation  proves  the  invariance  of  T.  Hence  Ki(p,q)  and 
Kl(p,q)  are  Ad (E(3) ) -invariant,  and  consequently 

It  can  be  proved  (Loncaric  [1985],  Lipkin  [1985],  Selig 
[1987])  that  the  Killing  form  and  the  Klein  form  constitute  a 
basis  for  the  linear  space  of  the  Ad(E(3))-invariant 
symmetric  bilinear  forms  defined  upon  the  space  e(3) . 

It  is  important  to  recognize  that  only  the  Klein  form  is 
non-degenerate.  This  result  is  in  agreement  with  the  previous 
characterization  of  E(3)  as  a Lie  group  that  is  not 
semi-simple.  The  Cartan's  criterion  (Belinfante  and  Kolman 
[1972])  indicates  that  a Lie  group  is  semi-simple  if,  and 
only  if,  its  Killing  form  is  non-degenerate. 

The  standard  definition  of  a semi-Riemannian  manifold 
(O'Neill  [1983])  requires  a non-degenerate  metric  tensor  in 


the  algebra  of  vector  fields  defined  on  E(3)2,  or 
equivalently  a bi-invariant  and  non-degenerate  symmetric 
bilinear  form  in  e(3) . Therefore  any  symmetric  bilinear  form 
to  be  used  for  inducing  a semi-Riemannian  manifold  structure 
in  E(3)  must  be  of  the  form 

(p,q)  : e(3) xe(3)  - R 

(p,q)  = Kl(p,q)  + pKi(p,q)  for  some  h«R  (6) 

Lipkin  [1985]  shows  that  regardless  of  the  value  of  n 
chosen  in  equation  (6) , e(3)  considered  as  an  orthogonal 
space,  is  always  isomorphic  to  R3'3.  Thus,  e(3]  is  called  a 
neutral  orthogonal  space  (Porteous  [1981]),  and  can  be 
orthogonally  decomposed  into  three  hyperbolic  planes 
(Kaplansky  [1969]).  In  what  follows,  it  will  be  shown  that 
the  mutually  orthogonal  hyperbolic  planes  are  independent  of 
the  value  of  n chosen  in  equation  (6) . 

bet  (Pl/P2<P3>  be  an  arbitrary  subset  of  e(3)  such  that 
Ki(Pi,Pi)  = 1 and  Ki(pi(pj)  =0  V i,je[l,2,3)  i f j 

(P23>i  “ (P3l) i “ (Pl2>i  “ 0 v i*{l/2»3> 

The  existence  of  such  a set  is  guaranteed  by  the  existence 
theorem  of  orthonormal  basis  of  orthogonal  spaces  (Porteous 
[1981]).  In  particular  it  applies  to  e(3),  regarded  as  an 


2It  is  possible  to  define  a semi-Riemannian  manifold 

with  a degenerate  metric  tensor;  however,  the  theory  of  this 
class  of  manifolds  is  still  in  the  very  early  stages,  and 
many  of  the  important  properties  of  non-degenerate  manifolds 
are  not  shared  by  their  degenerate  counterparts  (Kupeli  [1987]). 


orthogonal  space,  where  the  Killing  form  is  the  symmetric 
bilinear  form,  consider  now  the  following  subspaces  of  e(3) 

Hi  = [(Pi  + eo),  (0  + eqi)]  (7a) 

H2  = [(P2  + «0),  (0  + «q2) ] (7b) 

H3  - [(p3  + eo),  (0  + eq3) ] (7c) 

where  (q23)i  = (Poi)i.  (531>i  " (Po2>i  and  (512) i = (P03>i- 
It  is  straightforward  to  show  that  regardless  of  the  value  of 
li  used  in  equation  (6),  the  two-dimensional  subspaces  are 
mutually  orthogonal  with  respect  to  the  symmetric  bilinear 
form  given  by  equation  (6) . Hence,  e(3)  can  be  written  as 

e(3)  = Hi  H2  ®x  H3  (8) 

It  is  easy  to  recognize  H^  as  the  subalgebra  of  e(3) 
associated  with  the  normalizer,  in  E(3),  of  the  set  of  lines, 
of  the  Euclidean  space,  oriented  parallel  to  the  vector 
( (Pol) i'  (P02>i>  (P03 ) i ) • Furthermore,  the  matrix 
representative  of  the  symmetric  bilinear  form  given  by 
equation  (6)  and  corresponding  to  the  basis  of  e(3)  obtained 
by  the  union  of  the  bases  of  the  subspaces  H3,  H2,  H3  is 

"[[  i]  ' • ' 

- •[!!]• 

• • & C 


(9) 


The  characteristic  equation  for  this  matrix  is 

p(\)  - |M  - Ms | - [(p  - A)(-A)  - l]3  = 0 (10a) 

which  reduces  to 

(X2  - Ap  - l)3  = 0 (10b) 

Solving  the  quadratic  equation  contained  in  the  parenthesis, 
it  is  evident  that  H has  two  eigenvalues  of  multiplicity 

*1  = M + (I*2  + l)h  and  A2  - p - (p2  + l)*  (11) 

These  results  confirm  the  identification  e(3)  3 IR3'3. 

4.5  Analysis  of  the  Structure  of  the  Set  of  Second 

Derivatives  of  the  Euclidean  Group  at  the  Identity 

In  this  section  the  structure  of  the  set  of  second 
derivatives  of  the  Euclidean  group  at  the  identity  will  be 
analyzed.  As  in  section  4.2,  the  elements  of  the  Euclidean 
group  will  be  represented  by  elements  of  the  spin  group; 
hence,  the  Clifford  algebra  D<i  o 3 will  be  used  in  this 
development.  The  methods  are  similar  to  those  used  in  the 
analysis  of  the  Lie  algebra  e(3)  as  an  orthogonal  space,  and 
they  are  closely  related  to  the  study  of  tangent  groups  of 
Lie  groups  (Yano  and  Ishihara  [1973]). 

It  has  been  already  shown  that  if  the  elements  of  the 
Euclidean  group  are  represented  by 

g - gi  + etgx/2,  (eqn.  (3.5.5)) 


gi=C(0/2)+S(e/2) (u23e2e3  + u31e3e1  + u12exe2)  (eqn.  (3.4.36)) 


u23* 


(eqn.  (4.2.1a) 


2 + u312  + u122  “ 1 

and 

t = t^  + t2e2  + t3e3,  (eqn.  (4.2.1b) 

then  the  elements  of  the  Lie  algebra  e(3)  are  given  by 
g(l)  = a(t)(u23e2e3  + u31e3e1  + u12e1e2)/2 

- settle!  + t2(l)e2  + t3(l)e3)/2  (eqn.  (4.2.S) 
Forming  the  derivative  of  this  expression  with  respect  to 
time,  evaluating  the  derivative  at  the  identity,  and 
imposing  the  conditions  9(t)  - 0 and  t(t)  - 0,  one  obtains 

5(1)  - 3i(i>  + «t(l)/2  (1) 


5l(i)  = 8(t)(u23e2e3  + u3i«3ai  + u12e1e2)/2  (2) 


t(t)  - t1(t)e1  + t2(t)e2  + t3(t)e3  (3) 

It  can  be  shown  that  g3(t)  represents  one  half  of  the  angular 
acceleration  of  the  moving  reference  frame,  and  therefore  one 
half  of  the  angular  acceleration  of  the  rigid  body,  with 
respect  to  a fixed  reference  frame ; whilst  t ( t ) represents 
the  acceleration  of  the  origin  of  the  moving  reference  frame 
with  respect  to  a fixed  reference  frame. 

Since  9(t)£Ri,o,3  depends  on  six  independent  variables, 
the  subset  of  those  elements  of  q 3 form  a six-dimensional 
real  vector  space  under  componentwise  addition  and  scalar 
multiplication.  This  vector  space  will  be  denoted  by  e'(3). 


and  an  arbitrary  element  of  e'(3)  will  be  represented  by 
p'  = p 1 + ep* ' ; this  representation  is  analogous  to  that 
the  Lie  algebra  given  by  equation  (2.6).  It  will  now  be  sh 
that  e'(3)  has  also  the  structure  of  an  orthogonal  spa 
This  will  be  accomplished  by  defining  the  equivalent  of 
Killing  and  Klein's  form  on  the  space  e'(3). 

Let  p'  and  q'  be  arbitrary  elements  of  e'(3),  then 
define  the  Killing  and  Klein  form  as 

Kifp'.g')  = p’oii'oi  + P'oaVoa  + P'03l'03 
Klfp'.q')  = P'oi<a'23  + P'02l'31  + P’03‘3'12 
+ P'239'oi  + P ' 31^' 02  + P'121'03 
Following  the  procedure  indicated  in  section  4.4,  it 
be  shown  that  these  forms  are  Ad(E (3) ) -invariant. 


CHAPTER  S 
APPLICATIONS 

In  this  chapter  the  theory  developed  previously  is 
applied  to  one  issue  in  spatial  kinematics.  The  topic  is  an 
analysis  and  proof  of  the  principle  of  transference.  Since 
the  principle  is  frequently  used  as  a basis  for  analysis  and 
synthesis  of  spatial  mechanisms  and  manipulators,  as  well  as 
applications  in  instantaneous  kinematics,  its  analysis  and 
proof  constitutes,  without  doubt,  a subject  of  contemporary 
importance.  As  far  as  the  author  is- aware,  a complete  proof 
of  the  principle  has  not  appeared  in  the  literature.  In  this 
chapter  a thorough  analysis  of  the  principle  and  its  complete 
proof  are  given 

5.1  The  Principle  of  Transference 
The  history  of  the  principle  of  transference  is 
interesting.  It  was  originally  proved  by  Kotelnikov,  a 
Russian  mathematician,  in  the  latter  part  of  the  last 
century.  Indeed,  Study  [1903]  acknowledged  a theorem  with  the 
name  [Uebertragunsprincip] , and  he  associated  it  with 
Kotelnikov' s name.  However,  it  appears  that  the  publication 
containing  the  proof  was  lost  during  the  Russian  revolution. 
The  principle  was  stated  by  Oimentberg  [1965]  in  the 
following  terms 


development  of  a powerful  and  comprehensive  theory  for  the 
analysis  of  spatial  mechanisms.  There,  one  can  find  this 
explicit  statement  of  the  principle 


All  valid  laws  and  formulae  relating  to  a system 
of  intersecting  unit  line  vectors  (and  hence 
involving  real  variables)  are  equally  valid  to  an 
equivalent  system  of  skew  unit  line  vectors,  if 
each  real  variable,  a in  the  formulae  is  replaced 
by  the  corresponding  dual  variable  fi  = a + ea,  and 
each  constant,  k,  is  replaced  by  the  dual  constant, 
k * k + 60  (i.e.  k has  zero  secondary  part) . Here  k 
is  not  a parameter  but  a definite  fixed  number. 
(Rooney  (1974),  p.  88) 


Following  this,  Rooney  attempted  to  prove  the  principle 
by  resorting  to  the  algebraic  structure  of  the  dual  numbers. 
It  seems  that  Rooney,  himself,  was  not  satisfied  with  his 
proof  because,  in  a later  publication  (Rooney  (1975)),  he 
made  no  mention  of  it,  but  rather  restated  the  principle  as 
follows 


All  valid  laws  and  formulae  relating  to  a system 
of  intersecting  unit  line  vectors  (and  hence 
involving  real  variables)  are  equally  valid  to  an 
equivalent  system  of  skew  unit  line  vectors,  if 
each  real  variable,  a in  the  formulae  is  replaced 
by  the  corresponding  dual  variable  & = a + eag. 
(Rooney  [1975],  p.  1092). 


No  mention 
Rooney  indicated  that 
works,  he  also  stated 


made  of  the  omission,  and  although 
it  the  quote  is  taken  from  Kotelnikov's 
reference  was  lost.  In  his 


Rooney  attempted  again  to  prove  the 
essentially  only  demonstrated  the  mechanics 


e dualization  process. 


1 mention  of  the  principle 


of  transference  was  made  by  Rooney  [1978a]  in  his  treatment 
of  several  representations  of  general  spatial  displacements. 

In  1981,  the  principle  of  transference  was  applied  to 
the  study  of  instantaneous  invariants  of  rigid  body  motions 
(Hsia  and  Yang  [1981]]. 

Most  recently,  Selig  [1986]  published  a partial  proof  of 
the  principle  of  transference  that  employs  the  spin  and 
biguatemion  representation  of  the  Euclidean  group.  This 
proof  essentially  describes  a transition  from  the  spin 
representation  to  the  biguatemion  representation  as 
indicated  in  section  3.7.  It  did  not  address  a key  issue 
which  is  the  relationship  between  the  real  and  dual  parts, 
and  which  is,  perhaps,  the  most  fruitful  characteristic  of 
the  principle,  when  it  is  applied  to  spatial  kinematics. 

In  the  next  sections  a novel  complete  proof  of  the 
principle  of  transference  is  given;  the  proof  addresses  the 
relationship  between  the  real  and  dual  parts.  Furthermore,  a 
new  statement  of  the  principle  is  explicitly  stated.  In 
addition,  for  the  first  time,  the  relationship  between  the 
principle  of  transference  and  the  Hartenberg  and  Denavit 
notation  (Denavit  and  Hartenberg  [1955])  is  explicitly 
stated . 


5.2  Analysis  of  the  Dualization  Process 
The  proof  of  the  principle  of  transference  begins  with  a 
group  theoretical  analysis  of  the  dualization  process 


described  by  Rooney  (1975)  and  Duffy  [1980].  The  approach  is 
perhaps  a little  abstract.  However  it  has  significant 
advantages  with  regards  to  the  clarity  and  expeditiousness  of 

Throughout  this  development,  the  isomorphism  between  the 
even  Clifford  algebra  R30  and  the  quaternion  skewfield  (see 
appendix  A)  will  be  employed. 

Firstly,  some  important  results  concerning  the 
representations  of  rotation  around  a fixed  point  and 
Euclidean  mappings  will  be  restated. 

It  is  well  known  (Porteous  [1981])  that  a rotation 
around  a fixed  point  can  be  represented  by 

gx  = C(9/2)  + S(9/2)u  (1) 

where  0 is  the  rotation  angle  and  h is  a unit  vector  in  the 
direction  of  the  rotation  axis.  Moreover  the  mapping, 

Rn  : no  - «U  ®n(R)  “ 9i 

where  Dq  is  the  subgroup  of  the  rotations  around  point  O,  and 
IHU  is  the  subgroup  of  unit  quaternions,  is  an  isomorphism. 

Analogously,  in  section  3.7,  it  was  shown  that,  after 
choosing  a coordinate  system,  a Euclidean  mapping,  can  be 
represented^-  by 

9 = 9l  + et‘gj/2,  (eqn.  3.7.17) 


ilt  is  important  to  recognize  that  the  results 
concerning  the  principle  of  transference  are  valid  only  for 
this  biquatemion  representation  of  the  Euclidean  group, 
which  is  not  the  most  general  representation. 


Proposition  l.  The  napping 


«(gi)  = *[C(9/2)  + S(0/2)H]  - C(9/2)  + S(0/2)u 

= [C(0/2)  + S(e/2)u]  + ed[-S(0/2)  + C(0/2)al/2 


- 91  + «9o 


point  whose  quaternion  representations  are 

gj.  = C(0/2)  + S(0/2)a  (5a) 

hx  = C(e/2)  + S(o/2)Y  (Sb) 

Their  corresponding  dualized  spatial  displacements  are 
«(gX)  - [C<0/2)  + S(0/2)a]  ♦ edu[-S(0/2)  + C(0/2)aJ/2  (6a) 

«(hx)  = [C(o/2)  + S(e/2)v]  + edv[-S(o/2)  + C(e/2)a]/2  (6b) 


gjhi  - C(e/2)C(a/2)  - S (0/2) S (o/2)  (a-Y)  + C(0/2)S(o/2)2 

+ S(0/2)C(o/2)U  + S(0/2)S(o/2)  (Hxv)  (7) 

A straightforward  calculation  shows  that 

4(9ll»i)  - «(gi)«(h]_)  (8) 

4(1)  = 1 + eO;  i.e.  the  identity  leHu  is  mapped  into  the 
identity  (1  + eO)e  2IHU  (Fraleigh  [1982]). 

Corollary  2.  The  mapping 

4 : ho  -*  E(3)  4(p)  = Re-1S%i(p) 

is  a group  homomorphism. 

In  view  of  this  corollary,  the  condition  4(1)  = 1 + eO 
can  be  interpreted  as  stating  that  the  image  of  the  identity 
mapping  in  tl0  must  be  the  identity  mapping  in  E(3). 

A simple  corollary  of  this  result  is  that 
4 : ho  - *(f>0>  c E(3) 

is  an  isomorphism,  with  4(tlo)  as  a subgroup  of  E(3). 

is  now  analyzed.  (Rooney  [1978a]  proved  a particular  case  of 
this  result.) 

Proposition  3.  Let  u be  an  arbitrary  unit  vector;  then 
the  mapping  obtained  by  dualizing  a rotation  around  a fixed 
point  with  a as  the  rotation  axis  is  a screw  motion  along  an 
axis  parallel  to  a and  passing  through  the  fixed  point  of  the 


Proof:  Consider  a rotation  of  6 degrees  around  y ; its 
quaternion  representation  is 

gi  = C(e/2)  + S(6/2)u,  (eqn.  1) 

and  its  corresponding  dualized  mapping  will  be  represented  by 
gi  = g - [C(0/2)  + S(e/2)u]  + «d[-S(0/2)  + C(0/2)M]/2(eqn.  4) 
where  the  dual  variable  0=6+  ed. 

Comparing  this  expression  with  the  biquaternion 
representation  of  a Euclidean  mapping  (eqn.  3.7.17)  yields 

t*gi  - d[-s(0/2)  + c(6/2)a!  (9) 

where  t*  is  associated  with  the  displacement  of  the  fixed 
point,  considered  as  the  origin.  Solving  for  t*.  one  obtains 
t*  = t+gigi"  = d[-S(0/2)  + C(0/2)a)[C(6/2)  - S(6/2)a] 

= d[-S(0/2)C(6/2)  + S(0/2)C(0/2) (a-a) 

Sz(0/2)a  + C2(0/2)a  - S(0/2)C(0/2)UXU] 

= d[s2{0/2)  + c2(o/2) ]a  = da  (10) 

Hence,  the  displacement  of  the  fixed  point  is  along  the  axis 
of  rotation,  and  the  mapping  is  a screw  motion  along  an  axis 
parallel  to  a and  passing  through  the  fixed  point. 

It  is  important  to  recognize  that  the  set  of  screw 
motions  along  arbitrary  axes  passing  through  a fixed  point  is 
a subset  of  the  Euclidean  group  that  is  not  closed  under 
composition;  thus,  they  do  not  form  a subgroup,  a simple 
example  of  this  situation  is  given  now. 

Consider  the  screw  motions,  with  displacements  along 
axes  X and  Z passing  through  a fixed  point,  regarded  as  the 
origin,  which  are  given  by  the  biquaternions 


g - (C(e/2)  + S (9/2) k]  + e[-S(e/2)  + C(8/2)k]z/2  (11a) 
h - (C(a/2)  + S (a/2) i]  + «[-S(a/2)  + C(a/2)i]x/2  (lib) 
sider  now  the  composite  displacement 
gh  = (C(e/2)C(o/2)  +C(e/2)S(a/2) i + 

S(8/2)S(a/2)j  + S(8/2)C(a/2)k] 

+ e([-zS(8/2)C(a/2)  - xC(8/2)S (a/2) ] + 
(~zS(8/2)S(a/2)  + xC(e/2)C(a/2) ]i  + 
(ZC(6/2)S(a/2)  + XS(e/2)C(a/2) Jj  + 
(zC(0/2)C(a/2)  - xS(8/2)S(a/2)  ]k)/2  (12) 

ving  for  the  displacement  of  the  origin,  one  obtains 

t*  = xC(8) i + xS(8) j + zk  (13) 


S(8/2)S(a/2)j  + 


actively 

5(8/2)C(a/2 


(a/2)  + S2(8/2)S< 


XC(8)i  + XS (8) j + zk 


= (XC(8/2)S(a/2)  + ZS (8/2) C (a/2) ]/D 

D = [C2 (8/2) S2 (a/2)  + S2(8/2)S2(a/2) 
+ S2  (8/2)  C2  (a/2)  (X2  + z2)1* 


(14b) 

(15a) 

(15b) 


x + zj/i)* 


l-t  = [(1 


(16) 


lent  that  £ is  parallt 


el  to  a,  i.e.  a-£  = 1, 

only  for  special  values  of  x and  z. 

If  one  considers  serial  kinematic  chains  with  the  usual 
Hartenberg  and  Denavit  convention  (Denavit  and  Hartenberg 
[1955]),  it  is  easy  to  recognize  that  the  displacement  vector 
t*  given  by  equation  (13)  is  precisely  of  the  type  obtained 
when  one  passes  from  one  reference  system  to  the  successive 


5.3  Statement  and  Proof  of  the  Principle  of  Transfere 


notation  (Denavit  and  Hartenberg  [1955]).  The  axis  is 
directed  along  the  axis  of  the  i-th  pair,  and  the  axis  is 
directed  along  the  common  perpendicular  to  the  axes  and 


The  corresponding  skeletal  spherical  chain  (Duffy 
[1980])  is  shown  in  figure  5.2.  Since  both  the  reference 

are  drawn.  Furthermore,  in  the  equivalent  spherical  chain, 
two  reference  systems  are  equal  if,  and  only  if,  pairs  of 


and  Z will  be  used  for  purposes  of  determining  the  equality 
of  reference  systems. 

It  is  well  known  that,  in  the  spherical  chain,  the 
(i-l)-th  reference  system  is  made  to 


zi+l 


Figure  5.1  Skeletal  Spatial  Kinematic  Chain. 


Figure  5.2  Skeletal  Spherical  Chain  Associated  with  the 
Spatial  Chain  of  Figure  5.1 


i-th  reference  system  by  performing  first  a rotation  of 

degrees  around  the  Xj_i  axis,  followed  by  a rotation 
of  9^  degrees  around  the  2 j axis.  Equivalently,  using  the 
quaternion  representation  and  the  symbolic  notation 
<Xi,Yi,Zi>  = gihiiXi-i, *i-1( * i-i) 

- [C(8i/2)  + S(ei/2)Ic] 

Ec(oti— 1, i/2)  + S(Bi.1/1/2)i](Xi.1,*i_1,*i_1}  (1) 
Consider  now  a serial  spatial  chain  with  n pairs.  Both, 
the  spatial  chain  and  its  associated  spherical  chain,  have  n 
reference  systems  which  will  be  numbered  from  0 to  n-1 . it  is 
convenient  to  add  to  the  spatial  and  spherical  chains  an  n-th 
reference  system  defined  by 

(Xn,  Yn,  Zn)  = {X„,  Yg,  Z0)  (2) 

In  the  spherical  chain,  there  are  two  alternative  paths 
which  transform  the  zero-th  reference  system  into  the  n-th 
reference  system.  One  path  is  given  by  equation  (2) . The 
other  path  is  obtained  by  recursive  application  of  equation 
(1) 

<Xn,  Yn,  Zn)  - (gnhn) (Xn_1(  Yn_!,  Zn-!) 

= (gnhn><3n-lhn-l)(Xn-2.  xn-2-  *n-2> 

= (3nhnHgn-lhn-l)---(92h2)(Xi.  *1.  Zj.) 

- (3n>»n)(3n-lhn-i)---(g2h2)(gihi)(X0,  Y0,  Z0)(3) 
Substituting  equation  (2)  into  equation  (3)  yields 
(X0,  Y0,  Z0)  = (gnhn)(gn.1hn.1)...(g2h2)(g1h1Hx0,  Y0,  Z0) 


However,  equation  (3,7,17)  shows 


9ih0i  + 90ihi  = (t*i/2>9ihi  (7) 

t*i  - XiC(ei)i  + XiS(ei)j  + zXk  (8) 

where  (i,  j,  k)  are  the  unit  vectors  along  the  positive  axes 
of  the  i-th  reference  system.  Therefore,  equation  (6)  can  be 
expressed  in  the  form 

o = (t*n/2) (gnhn) (gn-ihn-l) • • • (92h2> (9lhl>  + 

(9nhn)  (t*n-i/2)  (gn-ihn-i)  • ■ - (92h2)  (gihj.)  + ...  + 

<9nhn> (9n-l»n-l) • • • (t*2/2) (92h2) (gihi)  + 

(9nhn)  (9n-l»n-l)  • • • (92»>2)  (t*i/2)  (9Xhi)  (9) 

Moreover,  comparing  equation  (5)  with  the  biquaternion 
representation  of  a Euclidean  mapping,  it  is  evident  that 
the  right  hand  side  of  equation  (9)  can  be  equivalently 
expressed  by 

(tr/2)  ( (gnhn)  (gn-ih,,.!) . . . (g2h2)  (g^)  (9) 

where  tj  is  the  total  displacement  of  the  origin  of  the 
reference  system  (X0,  Y0,  Z0)  under  the  euclidean  mapping 
represented  by  6 [ (gnhn) (gn-ihn-i) ■ • • (g2h2) (gihx) ] . Thus 
post-multiplying  both  sides  of  equation  by 
2(9ih1)*1(g2h2)‘1...(gn-1hn.1)_1(gnhn)_1  one  gets 


o = tr  = t*n(gnhn) (gn-ihn-i) . . . (g2h2) (gxhx) (gih1)-1(g2h2)_1 
...(gn-ihn-i)-1(gnhn)-1  + (gnhn) (t*n-l) (9n-lhn-l) • • • 


+ (gn»n) (gn-l*>n-l>  • • • (t*2) (g2»>2> (gil»i) (gx^x)-^***)"1 
•••(gn-lhn-l)'1(gnhn)'1  + (gn*>n)  <gn-l*>n-l)  • • • ^a) 

(t*x) (gihx) (gih1)-1(g2h2)-1. . . (gn-xhn.1)-1(gnhn)"1 


0 - tT  - t*n  + ( gnh„ ) t*„_i ( gnhn ) -1  + ...  + (gn»n) (gn-l»n-l) 
...(g3h3)t*2(g3h3)-1...(g„-ihn-x)-1(gnhn)-1  + (gnhn> 
(gn-lhn-l) • • • (g2h2)t*x(g2h2)_1. . . (gn-xhn-l)_1(gnhn) _1  (10) 
The  right  hand  side  of  the  equation  (10)  represents  the 
vector  sum  of  the  sides  of  the  spatial  polygon  formed  by  the 
origins  of  the  reference  systems  attached  to  the  spatial 
chain  together  with  the  axes  and  Z±,  and  their 
intersections.  Thus  the  result  is  indeed  zero  and  it  is 
independent  of  the  reference  system  in  which  the  equation  is 
represented.  In  particular  equation  (10)  is  expressed  in 
terms  of  the  n-th  reference  system.  It  is  however  possible  to 
express  the  closure  condition  in  many  other  reference 
systems.  Thus  the  following  result  has  been  shown. 

Proposition  1 (Principle  of  Transference) . Any  valid 
equation  involving  a finite  product  of  unit  quaternions  of 
the  form  g*  = C(8i/2)  + S(8i/2)k  or  h*  = C(ax/2)  + S(Bi/2)i 
remains  valid  when  the  variables  8^  and  e^  are  replaced  by 
the  dual  variables  and  a^. 


quaternion. 


any  non-zero  quaternion  can  be  reduced  to  a unit 
, this  limitation  is  superfluous. 

This  statement  of  the  principle  permits  transfering  a 
valid  equation  involving  quaternions  into  a valid  equation 
involving  biquaternions.  These  biquaternions  can  be  regarded 
as  quaternions  whose  components  are  dual  numbers.  Moreover, 
it  is  important  to  consider  these  quaternion  and  biquatemion 
expressions  as  representations  of  Euclidean  mappings,  a 
rotation  around  a fixed  point  in  the  case  of  quaternions,  and 
a spatial  displacement  in  the  case  of  biquaternions. 

Therefore  equations  relating  quaternions  or  biquaternions 
indicate  that  an  arbitrary  element  (point  or  line)  of  the 
Euclidean  space  will  have  the  same  image  under  either  the 
mapping  of  the  left  hand  side  of  the  equation  or  the  mapping 
of  the  right  hand  side  of  the  equation. 

Furthermore,  the  principle  can  be  translated  into  any 
other  pair  of  representations  of  rotations  around  a fixed 
point  and  spatial  displacements.  For  instance,  consider  the 
isomorphism  ♦ between  the  quaternion  representation  and  the 
three-dimensional  orthogonal  representation  of  the  rotation, 
the  last  one  denoted  by  0(3);  then 


S(ei/2)k] 


C8i  -S8i 


*[C(ai-i,j./2)  + S{ai_1(i/2)i] 


Soi-l,i 


Moreover,  the  isomorphism  *'  between  the  biquateraion 
representation  and  the  4x4  matrix  representation,  with  k = 1 
(see  section  3.3),  of  spatial  displacements  yields 

*'([C(0i/2)  + S(0i/2)k]  + «Zi[-S(9i/2)  + Cjej/E)  ]k 


(13) 


> ' ( [C(ai_1( i/2)+S(ai_1(i/2) i)+exi[-S(Oi_i(i/2)+C(ai_lj  i/2) i) ) 


Coi-l,i 

Soi-l,i 


Then  the  result  can  be  extended  to  this  pair  of 
representations  as  indicated  in  the  following  diagram 

0(3)  IHU  2WU  E1(4), 

and  the  result  can  be  restated  as  follows 

Proposition  2.  Any  valid  equation  involving  a finite 
product  of  matrices  of  the  form  RB^  or  Rai-i,i  remains  valid 


when  the  matrices  are  replaced  by  the  matrices  R9i , Zi  and 
Rai_i  i»Xi  respectively. 

Proposition  1 and  its  equivalent  proposition  2 deal 
with  the  dualization  of  the  mapping.  The  dual  equations  used 
in  the  analysis  of  spatial  mechanisms  {Duffy  [1980])  are 
obtained  by  applying  the  dualized  equation  (5) , or  one  of 
their  equivalent  forms  called  subsidiary  equations,  to 
particular  vectors.  These  vectors  are  usually  unitary,  and 
frequently  they  are  the  unit  vector  of  the  reference  systems 
associated  with  spatial  chain  (see  Figure  5.1).  In  what 
follows,  it  is  shown  that  the  dualized  equation  (5)  can  be 
also  applied  to  arbitrary  unit  vectors  yielding  an  equation 
related  to  the  image  of  a unit  line  vector  whose  direction  is 
precisely  that  of  the  original  unit  vector. 

Assume  a is  an  arbitrary  unit  vector;  then 

a = (CTi,  cr2,  CT3)  (15) 

Crx2  + Cr22  + Ct  32  = 1 (16) 

The  dualization  of  the  unit  vector  and  its  condition  yields 
- a + «Uq  = (Crl  _ 4dlSrl>  Cr2  " ^2Sr2'  CT3  - «d3ST3)  (17) 

(Cf  3 - ed1Sr1)2+(CT2  - ed2Sr2)2+(Cr3  - ed3ST3)2  = 1 + eO  (18) 
This  last  condition  can  be  decomposed  into  real  and  dual 
parts,  the  real  part  is  given  by  the  original  condition, 
equation  (16), and  the  dual  part  is  given  by 

-2(diCT1Sr1  + d2Cr2Sr2  + d3Cf3ST3)  = 0 (19) 


It  is  easy  to  recognize  equation  (IS)  as  the  Plucker  or 

a unit  line  vector.  The  direction  of  the  unit  line  vector  fi 
is  precisely  that  of  the  unit  vector  a- 

Consider  now  an  arbitrary  unit  quaternion 

gx  = C(8/2)  + S(8/2)Y  (20) 

Its  dual  is  given  by 

g = $1  = (C(8/2)  + S (8/2)  Y]  + et[-S(8/2)  + C(8/2)Y]/2  (21) 

It  has  already  been  shown  (see  sections  3.7  and  5.2) 

and  the  magnitude  of  the  associated  linear  displacement  is  t. 
Then  g can  be  represented  by 

g = gi  + ttygi/2  (22) 

Finally  applying  to  a the  biquaternion  equivalent  of  the 
induced  line  transformation  introduced  in  section  3.8  one 

S'  - a'  + eu0'  - [gi  + ztYgj/2]  [a  + «u0][gr  - egrty/2] 

= giagi"  + «(giu0gi"  + (ty(giagi-)  - (giagi")tYj/2»  (23) 
It  is  easy  to  identify  a1  as  the  image  of  the  line  a 
under  the  screw  motion  represented  by  g.  Thus,  the  following 
result  has  been  proven 

gi  - C(8/2)  + S(8/2)Y  be  an  arbitrary  unit  quaternion;  then 
the  action  of  the  biquaternion  g,  obtained  by  dualizing  the 


ilizing 


induced  by  the  Euclidean  napping  represented  by  the 
biquatemion  g. 


It  is  highly  possible  that  this  feature  may  well 
advantageously  employed  in  the  analysis  of  spatial 


CONCLUSIONS 


The  results  obtained  in  this  work  demonstrate  that  a 
deeper  study  of  the  properties  of  the  Euclidean  group, 
together  with  their  representations  provides  invaluable 
information  that  can  be  applied  to  the  analysis  of  kinematic 

The  theory  of  group  representations  yields  the  reguired 
fundamentals  for  a unified  theory  of  spatial  kinematics,  and 
a natural  way  to  relate  the  distinct  representations  of  the 
Euclidean  group  that  are  used  in  spatial  kinematics. 

Furthermore,  the  analysis  of  the  Euclidean  group 
regarded  as  a Lie  group  produces  important  results  concerning 
the  nature  of  its  Lie  algebra  considered  as  an  orthogonal 
space,  as  well  as  the  nature  of  the  Euclidean  group  itself 
regarded  as  a semi-Riemannian  manifold. 

The  analysis  and  proof  of  the  principle  of  transference, 
is  a significant  result  that  previously  defied  solution.  It 
is  also  an  illustrative  example  of  the  power  of  group  theory 
when  it  is  applied  to  kinematics. 

Some  of  the  topics  that  deserve  further  examination  are 

1.  The  relation  between  the  orthogonal  structure  of  the 
Lie  algebra  of  the  Euclidean  group  and  the 
classification  of  screw  systems. 


A revision  of  the  methods  of  analysis  of  spatial 
mechanisms  based  on  the  systematic  application  of  the 
principle  of  transference  under  the  light  of  the 
proof  and  the  use  of  biquaternion  representation. 
After  the  description  of  the  Euclidean  group  as  a 
semi-Riemannian  manifold,  some  problems  of  the  theory 
of  manipulators  posed  as  "given  an  initial  position 
of  the  end  effector  determine  if  the  end  effector  can 
reach  another  pre-specified  position”,  can  be 
reformulated  as  problems  in  global  geometry. 


APPENDIX  A 
CLIFFORD  ALGEBRAS 


and  generated  as  an  algebra  by  {1}  and  X is  called  the 
Clifford  algebra  of  X.  If  X s Br>P<5  a Clifford  algebra  of  X 
is  denoted  by  Pr , p , q- 

Proposltion  1.  Let  v,wcX;  then 

(v,w)  - -(vw  + wvJ/2, 

where  the  products  in  the  right  hand  side  represents  the 
product  in  the  Clifford  algebra,  also  called  Clifford 
product.  In  particular  v,w«X  are  orthogonal  if,  and  only  if. 

Proposition  2.  Let  veX;  then  v is  invertible  in  A if, 
and  only  if,  v is  invertible  with  respect  to  the  symmetrical 
bilinear  form.  Moreover 


Proposition  3.  Let  X be  a finite-dimensional  real 
orthogonal  space  with  an  orthonormal  basis  (e^  | 1 < i < n | , 
where  dim  X = n,  and  let  A be  a real  associative  algebra  with 
unit  1,  containing  R and  X as  linear  subspaces.  Then  u2  = - 
(u,u)  VueX  if,  and  only  if, 

ei2  = -(ei.e*)  V 1 S i < n 


This  result  provides  necessary  conditions,  upon  an 
orthonormal  basis  of  X,  for  A to  be  a Clifford  algebra  of  X. 

Definition  2.  An  orthonormal  subset  of  a real 
associative  algebra  A with  unit  1 is  a linearly  independent 


subset  S of  mutually  anticommuting  elements  of  A,  the  square 
of  any  element  of  S being  0 , 1 , -1 . 

The  previous  definition  is  generated  extending  the 
concept  of  an  orthonormal  subset  in  an  orthogonal  space;  if 
SCX,  then  s is  also  an  orthonormal  subset  of  X. 

Proposition  4.  Let  X be  the  linear  span  of  an 
orthonormal  subset  S of  the  real  associative  algebra  A.  Then, 
there  is  a unique  orthogonal  structure  for  X such  that  for 
all  ueS,  u2  * -(u,u) . Furthermore,  if  S is  of  the  type 
(r,p,q) , x with  this  structure  is  isomorphic  to  Rr<P<9.  if  s 
also  generates  A,  then  A is  a Clifford  algebra  of  X. 

Definition  3.  Let  (ej_  |1  £ i £ n)  be  an  ordered  subset 
of  elements  of  an  associative  algebra  A.  Let  I be  a naturally 
ordered  subset  of  (1,2, — ,n);  then 

ffej  = e . e.  ...  e . where  ijfil 

17e<j)  = 1 where  $ is  the  null  set 

Proposition  5.  Let  A be  a real  associative  algebra  with 
unit  1 (identified  with  leR),  and  suppose  that  (e£  |l  £ 1 £ 
n)  is  a subset  of  n elements  of  A generating  A as  an  algebra 

eiej  + ejei  eR  V 1 £ i,j  £ n; 

then,  the  set  (Hex  | I C (l,2,...,n)I  spans  A as  a vector 

It  is  important  to  recognize  that  given  an  orthonormal 
basis  (e^,e2, , • ■ ,en)  of  an  orthogonal  vector  space  X,  the 


basis  satisfies  the  conditions  of  the  previous  proposition, 
for 

eiej  + ejei  = 0 V 1 £ i,j  £ n with  i ? j, 

eiei  + eiei  ” 2ei2e(-2,0,2)  V 1 £ i,j  £ n 

Further,  they  generate  A as  an  algebra;  thus,  they  are  a 
natural  choice  for  constructing  the  Clifford  algebra  of  X. 

Corollary  6.  Let  A be  a Clifford  algebra  of  a 
n-dimensional  orthogonal  space  X;  then  dim  A < 2n. 

Proposition  7.  Let  A be  the  Clifford  algebra  for  a 
n-dimensional  non-degenerate  orthogonal  space  (X  = R0*P»3 
with  n = p + q) ; then  dim  A = 2n  or  2n_l,  the  lower  value 
being  a possibility  only  if  p - q - 1 ■ 0 mod  4,  in  which 
case  n is  odd  and  . . . ,n)  = +1  or  -1  f°r  any  bas:i-c 

orthonormal  frame  of  X. 

Proposition  8 . 1 Let  X be  a real  orthogonal  space 
isomorphic  to  r!»P#3,  with  n = p + q,  and  (e£  | 0 £ i £ p+q) 
be  an  orthonormal  basis  of  X such  that 
ei2  “ 0 for  i = 0 
ei2  = +1  for  1 £ i £ p 

el2  = -1  for  p+l£i£p+q=n 
If  A is  the  Clifford  algebra  of  X,  then 

1.  dim  A = 2n+1  if  n is  even,  or  if  n is  odd,  and  e0  and 
eQe^...en  are  linearly  independent. 


Brooke  [1980]  obtained  this  result. 


eOel---' 


linearly  dependent;  a necessary  condition  for  this 
is  that  p - q - 1 ■ 0 nod  4. 

Proposition  9.  Let  A and  B be  two  2n-dinensional 
Clifford  algebras  for  an  n-dinensional  real  orthogonal  space 

Because  of  this  result,  one  calls  such  an  algebra  a 
universal  Clifford  algebra  for  X. 


2 Main  Involutior 


Definition  1.  The  algebra  involution  of  A induced  by  the 
orthogonal  involution 

-lx  : X - X -lxu  - -u  V ueX 

will  be  denoted  by 


and  it  is  called  the  main  involution  of  A;  a is  referred  as 
the  involute  of  a. 

The  algebra  anti-involutions  of  A induced  by  the 
orthogonal  involutions  lx  and  -lx  will  be  denoted  by 


They  are  called  respectively  reversion  and  conjugation;  a is 
called  the  reverse  of  a,  and  a"  is  called  the  conjugate  of 


Proposition  1.  The  main  involution  induces  a direct  su 
decomposition  of  A = A0  9 A1  with 

A0  = {aeA  | a = a)  and  A1  - (aeA  | A = -a) 

Moreover,  A0  is  a subalgebra  of  A,  referred  to  as  the  even 
Clifford  algebra  of  A. 

Proposition  2. 2 Assuming  p + q a 1,  then 


A. 3 The  Clifford  and  Spin  Groups 
Proposition  1.  Let  g be  an  element  of  A such  that 
gx§_1eX  VxeX!  then  the  map 

is  an  orthogonal  automorphism  of  X.  In  particular,  if  geX, 
then  Px,g  *s  the  reflection  of  X in  the  hyperplane  [5t (g) 
Proposition  2.  The  set 

r(X)  - (geA  | g is  invertible,  and  gxg_1eX  VxeX) 
is  a subgroup  of  A,  with  respect  to  the  Clifford  product,  and 
it  is  called  the  Clifford  group  of  X. 

This  definition  of  the  Clifford  group  is  equivalent  to 
that  given  by  Brooke  [1980] 

r(X)  = (geA  I g is  invertible,  and  g_1x^eX  VxeX) 


Brooke  [1980]. 


Proposition  3.  The  set  r°(X)  = r(X)  n A0  is  a normal 
subgroup  of  the  Clifford  group,  called  the  even  Clifford 
group.  Further,  r(X)/r°(X)  3 z2. 

Proposition  4 . The  sets 

R+  = (AeR|X  > 0)  and  R*  = (X6R|X  ji  0) 

are  normal  subgroups  of  r(X) , and  of  r°(X).  The  corresponding 
quotient  groups  are  denoted  by  and  called  respectively 

Gj.+  (T)  = r(X)/R+  Pin(X) 

G^fr)  = T(X)/R*  Projective  Clifford  group 

Gj+tr0)  - r°(X)/R+  Spin(X) 

0l(T°)  “ r°(X)/R*  Even  projective  Clifford  group 

Furthermore,  R+  is  a normal  subgroup  of  R*  with  R*/R+  3 Z2. 

Corollary  5. 

Gi+(r)/Gj.(r)  s z2 
Si+crOj/Gitr0)  a z2 

The  following  four  results,  attributed  to  Dieudonne 
[1955] , provide  the  relationship  between  these  subgroups  of 
the  Clifford  algebra,  A,  of  a non-degenerate  orthogonal  space 
X,  and  the  group  of  orthogonal  automorphisms  of  X. 

Proposition  6.  Any  orthogonal  transformation  t : X — X, 
of  a non-degenerate  finite-dimensional  orthogonal  space  X,  is 
expressible  as  the  composite  of  a finite  number  of  hyperplane 
reflections  of  X.  The  number  of  reflections  is  not  greater 
than  2dim  X,  or  if  X is  positive-definite  dim  X. 

Corollary  7 . Any  orientation  preserving  orthogonal 
transformation  t : X -*  X,  of  a non-degenerate 


composite  of  a finite  even  number  of  hyperplane  reflections 

or,  if  X is  positive-definite  dim  X. 

space;  then  the  map 

px  : r(X)  - O(X)  PX(g)  - px,g 

Gi(r)  = r(x)/R*  s o(x) 

For  the  orientation  preserving  orthogonal  automorphisms 
of  X,  there  is  a corresponding  proposition. 

Proposition  9.  Let  X be  a non-degenerate  orthogonal 
space;  then  the  map 

PX  : r°(X)  - SO(X)  Px<9)  “ PX, g 

is  a surjective  homomorphism  with  ker  px  = R«.  Thus 

Gi(r°)  = r°(X)/R*  3 so(x) 


initial  characteriz 
of  the  Clifford  grc 


Spin(X)/SO(X)  3 z2 
he  reasons  why  one  refers  to 


Lon,  the  spin  groups  are  quot 
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Proposition  9.  Let  X be  a non-degenerate  orthogonal 

1.  For  any  ger(X),  N(g)eR, 

3.  for  any  g,g'er(X),  N(gg')  - N(g)N(g').  and 

4.  for  any  ger(X),  H(g)  ? 0 and  N(g_1)  - (N(g))-1. 

Proposition  10:  The  nap 

* : (ger°(X)  I |N(g)|  = 1)  - Spin(X)  *(g)  = R+{g) 

is  a group  isomorphism. 

Due  to  this  result,  Spin(X)  is  identified  with  the 
domain  of  the  mapping  above,  a subgroup  of  r°(X).  Finally, 
the  condition  of  the  previous  proposition  is  simplified  for 
low-dimensional  orthogonal  spaces. 

Proposition  11.  Let  X be  a non-degenerate  orthogonal 

Spin(X)  - (g«A°  | |N(g) | - l) 

A. 4 The  Clifford  Algebra  of  R— 

The  orthogonal  space  R3,  also  denoted  by  R°' 3 , is  a 
three-dimensional  vector  space  endowed  with  the  symmetric 
bilinear  form  given  by 

( , ) : R3xR3  - R 

( (*i>*a»x3) » (yi>y2,y3>)  = xiyi  + x2Y2  + x3y3  (D 

If  (63,63,63)  denote  the  canonical  orthonormal  basis  of 
R3,  then  a basis  for  R3,  the  universal  Clifford  algebra  of 
R3,  will  be  (e^;  63,62,63:  6263,6363,6362:  636363 ). 


As  already  indicated,  the  main  involution  induces  the 
linear  decomposition  of  R3  given  by 

R3  = R3°  ® «31,  (2) 

where  R3°  denotes  the  even  Clifford  algebra  of  R3,  and  one  of 
its  bases  is  (e^, e2e3,e3e3,e3e2) • According  to  proposition 
2.2,  R3®  £ R3  = W;  in  fact,  it  is  straightforward  to  prove 
that  the  corresponding  algebra  isomorphism  is  defined  by 

* («<)>)  = 1,  *(e2e3)  = i,  «(e3e1)  • j,  t(e]e2)  - k.  (3) 
On  the  other  hand,  a basis  for  R33  is  {e3,e2,e3,e362e3) 
but  R33  is  not  a subalgebra  of  R3. 

It  can  also  be  proved  that  Z(R3),  the  center  of  R3 — i.e. 
the  subalgebra  consisting  of  all  elements  of  R3  that  commute 
with  any  element  of  R3 — is 

Z(R3)  « ( A(fie(j)  + Ai23ele2®3 1 k(Jj,A323€®) 

Finally,  four  important  results  concerning  the  behavior 
of  elements  in  R3  will  be  proved.  Since  the  results  do  not 
appear  in  the  mathematical  literature,  their  complete 
development  is  shown  here. 

Proposition  1.  Let  geR31  be  given  by 

g = a0eie2e3  + ajej  + a3e2  + a3e3  (4) 

gg-  = a02  + aj.2  + a22  + a32  - g_g  (5) 

In  particular 

gg*  = 0 = g - 0 (6) 


::  The  conjugate  of  g is 


g"  = aoele2e3  - axsi  - a2a2  - a3e3  (7) 

A lengthy  but  uninteresting  series  of  computations  prove  the 

Proposition  2.  Let  g,heR3°;  then 

Proof:  Assume  h = Xg;  then 

g"h  - h-g  - g-(Ag)  - (Xg)"g  = X(g"g  - g"g)  - o 
Assume  g“h  - h“g  =0;  since  R3°  = R , where  H is  the  skew 
field  of  the  quaternions,  it  is  possible  to  write 

g - a0  + a and  h - b0  + b (9) 

where  a0>b0,a  and  b are  respectively  the  scalar  and  vector 
parts  of  g and  h;  then 


g"h  = a0b0  + a.b  + a0b  - b0a  - axb  (11a) 

h_g  = a0b0  + a.b  + b0a  - a0b  - bxa  (lib) 

where  . and  x stands  for  the  usual  dot  and  cross  vector 
products  respectively;  hence 

g"h  - h'g  = 2(a0b  - b0a  + bxa)  - 0 (12) 

Assuming  that  a and  b are  linearly  independent,  then  a,b 
and  bxa  are  linearly  independent,  and  the  condition  implies 

which  is  a contradiction  to  the  linear  independency  of  a and 
b.  Therefore  b = Xa  for  some  XeR,  and  bxa  - 0;  then 

g"h  - h"g  - 0 » a0Xa  - b0a  = 0 • (a0X  - b0)a  = 0 (13) 


bp  = Xap  and  b = Xa. 

Notice  that  if  a = 0,  then  trivially  b = 0,  and  h = Xg. 
Further,  if  g = 0,  or  h = 0,  then  trivially  g = Oh  or  h = Og 
respectively,  and  the  result  holds. 

Proposition  3.  Let  gfiR30  with  g f 0,  and  heR33 ; then 

g”h  + h”g  = 0 • h - tg  for  some  teR3  (14) 

Proof:  Assume  h = tg;  then 
g"(tg)  + (tg) "g  = g"tg  + g't"g  = g'tg  - g'tg  = o 
Assume  g'h  + h~g  - 0,  and  consider  (g"h)*  = h“g;  then 

g‘h  + h"g  - (g"h)  + (g"h)-  (15) 

Since  g“heR3l,  then  g"h  = k3  + k3 , where 

k3  = b1e1  + b2e2  +b3e3  and  k3  = boe1e2e3  (16) 


(g"h) _ - (k3  + k3)“  = k3~  + k3“  = -k3  + k3  (17) 
o = g'h  +h'g  = k3  + k3  -k3  + k3  - 2k3  ° k3  = 0 (18) 

A simple  calculation  reveals  that  if 

g = aoe0  + a3e2e3  + a2e3e3  + a3e3e2  (19a) 


- c0exe2e3  + c3ex  + c2e2  + <=3e3. 


The  problem  is 
as  in  the  equations 


formulated  as  follows:  Given  g and  h 


together  with 


(21) 


apCp  - axCx  - a2c2  - a3c3 


(22) 


Then  the  condition  (22)  1 
with  three  unknowns 


f t2e2  + t3e3 
i to  a system  of  fc 

= afltj  + a3t2  - a2t3 
■ -a3tl  + a0c2  + alfc3 
= a2fcl  - al*2  + a0t3 
= a]t3  + a2t2  + a3t3 


(24a) 

(24b) 

(240) 

(24d) 


Solving  for  the  tj's  from  the  first  three  equations,  one 
obtains 

ti“[ci(a02  + a!2)  + c2(a2a1  - a0a3)  + c3(a3a1  + a0a2) ]/« (25a) 
t2=[ci(aia2  + a0a3)  + c2(a02  + a22)  + c3(a2a3  - a,^) ]/«(25b) 
t3=[ci(a1a3  - a0a2)  + c2(a2a3  + a^)  + c3(a02  + a32)]/«(25c) 


S = a0(a02  + a32  + a22  + a32)  (26) 

Since  g f 0,  then  a02  + a32  + a22  + a32  j*  0.  Assuming  a3  f 0, 
and  substituting  in  the  last  equation,  the  system  will  have  a 
solution  if,  and  only  if, 

°0=al[°l(a02  + al2)  + c2 (a2al  " a0a3)  + c3<a3al  + a0a2)  ]/S  + 
a2[c1(a1a2  + a0a3)  + c2(a02  + a22)  + c3(a2a3  - a0a!) ]/S  + 
a3 (C1 (ala3  - a0a2>  + c2 (a2a3  + a0al)  + c3(a02  + a32)]/6(27) 
or,  rearranging 

(a02  + aj2  + a22  + a32) (a0c0  - a1c1  - a2c2  - a3c3)  = 0 (28) 
Thus  provided  g f 0,  the  condition  reduces  to 

a|jc0  - ajc3  - a2c2  - a3c3  = 0 (eqn.  (21)) 


Hence,  the  result  follows. 

If  a0  ■ 0,  equations  (21)  and  (24)  become 


ajCi  + 8302  + 8303  =0  (29) 

ca  “ ^3^2  " ^2^3  (30a) 
°2  = _a3tl  + alt3  (30b) 
C3  = a2ta  ” a1^2  (30c) 
c0  = ajti  + a2ta  + a3t3  (30d) 


Solving  for  the  tj's  using  equations  (30a, b,d) , one 
obtains 

ti  = (c0(a3a3)  - 03(3332)  - c2(a22  + aa2))/«  (3la) 

t2  = (Oo(a2a3)  + cl(al2  + a32)  + °2(ala2>)/S  (31b) 

S = a32(a32  + aa2  + aa2)  (31c) 

Since  g p 0,  and  ag  = 0,  then  aa2  + aa2  + a32  p 0; 
assuming  p 0,  and  substituting  ta  and  t2  in  (30c),  the 
system  will  have  a solution  if,  and  only  if, 

c3  = a2[c0(a3a3)  - 03(8382)  - o2(a22  + a32>l/f 
- a3(Co(a2a3)  + C3(a32  + a32)  + c2(a3a2)]/* 
Rearranging,  one  obtains  the  expected  condition 

alcl  + a2°2  + a3c3  = 0 (eqn.  (29)) 

If  83  = 0,  this  assumption  coupled  with  ao  = 0 
simplifies  the  equations  (21)  and  (24)  up  to 

aic!  + a2c2  “ 0 (32) 


ox  = -a2t3  (33a) 

°2  = alt3  (33b) 

c3  - a2tx  - a3t2  (33c) 

Cq  = axt2  + a2t2  (33d) 

The  subsystem  formed  by  (33c)  and  (33d)  has  a solution 
if,  and  only  if,  its  coefficient  matrix  is  non-singular;  viz. 

ai2  + a22  f 0 (34) 

Since  g f 0,  and  by  assumption  Aq  ■ a3  = 0,  then  this 
condition  evidently  holds. 

Furthermore,  solving  (33a)  for  t3 

t3  - - c3/a2  (35a) 

Assuming  a2  t 0,  the  system  will  have  a solution  if,  and  only 


c2  “ ax(-  ox/a2) 

and  rearranging,  the  expected  condition  is  obtained 

al°l  + a2c2  “ 0 (eqn. (33) ) 

The  assumption  a2  = 0,  coupled  with  a0  = a3  = 0, 
simplifies  equations  (21)  and  (24)  up  to 

alCl  - 0 (36) 

Cx  - 0 (37a) 

c2  - a]t3  (37b) 

c3  - -axt2  (37c) 

eg  = aiti  (37d) 

However,  since  g j*  0 and  3q  = a2  = a3  = 0,  then  a3  ? 0; 


then  gh  - hgeIR3  c IR31. 

Proof:  Let  g = g23e2e3  + g3ie3e1  + g12e1e2,  and 
h - h1e1  + h2e2  + h3e3;  then 

gh  = (g23h3  + g31h2  + g12h3)e1e2e3  + (g3ih3  - gi2h2) 
+ (gi2hl  ■ 923h3>e2  + (923h2  _ 931hl>e3 

hg  = (923^1  + 931h2  + 9l2h3)ele2e3  “ (931h3  ” 9l2h2) 
" <9l2hl  - 923h3>e2  " (923h2  “ 931hl>e3 

Therefore 

gh  - hg  - 2[(g31h3  - gi2h2)  + (gi2hi  - 923h3>e2 
+ (923h2  " 931hl)e3l 

It  is  easy  to  recognize  the  term  in  the  right-hand 
of  this  equation  as  the  vector  product  of  the  “vector" 


vector  h. 
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of  this  moving  frame  with  respect  to  another  arbitrarily 
selected  fixed  reference  frame  determines  an  element  of  the 
Euclidean  group.  It  was  also  shown  that  g3  is  related  to  the 
orientation  of  the  moving  reference  frame  with  respect  to  the 
fixed  one,  and  t is  related  to  the  location  of  the  origin,  0, 
of  the  moving  reference  frame  with  respect  to  the  fixed 
reference  frame.  Then  an  arbitrary  element  of  the  Lie  algebra 
e(3);  i.e.  a tangent  vector  at  the  identity,  l,  of  the 
Euclidean  group  will  be  given  by 

g(i)  - 6(t)(u23e2e3  + u^e^  + u12exe2)/2 

- ettiftje!  + t2(t)e2  + t3(t)e3)/2  (eqn. (4.2.5) ) 
The  real  part  represents  one  half  of  the  rotation  rate  of  the 
moving  frame  with  respect  to  the  fixed  frame.  Furthermore, 
since  the  moving  frame  is  attached  to  the  rigid  body,  it  also 
represents  one  half  of  the  angular  velocity  of  the  rigid 
body.  The  dual  part  represents  one  half  of  the  velocity  of 
the  origin  of  the  moving  frame,  0,  with  respect  to  the  fixed 
frame.  It  is  important  to  notice  that  since  the  tangent 
vector  is  computed  at  the  identity,  l , of  the  Euclidean 
group,  both  reference  systems  are  instantaneously  coincident. 

However,  if  a result  generated  by  manipulating  tangent 
vectors  at  the  identity  is  to  be  regarded  as  a result  of  the 
rigid  body  as  a whole,  the  arbitrary  nature  of  the  selection 
of  the  moving  reference  frame  needs  to  be  addressed.  This 


problem  which  frequently 


problem  is  analogous  to  a 
abstract  mathematics  and  which  addresses  the 

well-definiteness  of  a concept,  when  the  definition  makes  use 
of  an  arbitrary  choice. 

Assume  now  that  a new  moving  reference  frame  with  origin 
6 and  orthogonal  directions  (d3,  d2 , 63)  is  chosen  in  the 
rigid  body.  Moreover  assume  that  the  transformation  from  the 
original  reference  system,  0,  {e3,  e2,  e3 ) , to  the  new  one  is 
accomplished  by  the  element  of  the  Euclidean  group 

h - hi  + edhj/2  (1) 

This  implies  that 

xlisl  + x2is2  + *3i®3  = h^hx"  V i = 1,2,3  (2a) 

[hi  + edh1/2][l  + «0][hj"  - chjfd/a]  = 1 + «d  (2b) 
where  d is  the  location  of  0,  in  terms  of  the  new  system  6, 
(•if  ®2>  •3#- 

Consider  now 

h[$(i)]h_1=  (^  + edh^HStt)  (u23e2e3  + u31e3ei  + u12e1e2)/2 
- eJtitlJO!  + t2(t )e2  + t3(l)e3)/2)[h!-  - «hx-d/2] 

= hx(e(l) (u23e2e3  + u31e3e1  + u12e1e2)/2)h1"  + 
€{hi(t1(t)e1  + t2(l)e2  + £3(1)631/2)^-  + 

[dh1(9(t) (u23e2e3  + u3i«3ai  + u12e1e2)/2)h1"  - 
113.(6(1)  (u23e2e3  + u31e3e1  + u12e1e2)/2)h1"d]/2)  (3) 
Observing  that  the  angular  velocity  vector  is 
independent  of  the  moving  reference  system,  as  long  as,  it  is 
attached  to  the  rigid  body,  then  the  real  part  of  the  right 


hand  side  of  equation  (3)  represents  one  half  of  the  angular 
velocity  of  the  rigid  body  in  the  new  reference  system. 
Furthermore,  the  dual  part  of  the  same  expression  corresponds 
(see  proposition  A. 4. 4)  to  one  half  of  the  sum  of  the 
absolute  velocity  of  point  0 plus  the  relative  velocity  of 
point  6 with  respect  to  the  original  moving  reference 
system.  Thus  the  result  is  the  tangent  vector  at  the  identity 
of  the  Euclidean  group  when  the  moving  reference  system  is 
determined  by  O,  &2'  ) • 

From  these  developments  is  evident  that  a result 
obtained  by  manipulating  the  elements  of  the  Lie  algebra  e(3) 
will  be  a property  of  the  rigid  body  if,  and  only  if,  the 
result  is  invariant  under  the  adjoint  transformation  induced 
by  an  arbitrary  element  of 


the  Euclidean  group. 
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